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- radius of cylindrical aerial or supporting mast 
= distance of aerial from. axis of cylindrical supporting mast 
c = velocity of light 

h = height of aerial 

r - distance from aerial to point under consideration. 

E - electric force 

s g — ground-wave field ■ strength (electric force) 

S = magnetic force 

J l = r.m.s. value of the current at the maximum of a sinusoidal 

distribution (loop current) 

P — power radiated by aerial 

S L - radiation resistance referred to loop current 

%i±i % 11 - self impedance of aerials 1 and 3 respectively 

£ 12 = mutual impedance between aerials 1 and 2 
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e o = permittivity of free space 

e T ~ permittivity of ground relative to free space 

€ - Neumann's number (e = 1 for n = 0, e = 2 for ?j=tOl 

Vo - -characteristic impedar.ce of free space 

"o = angle of sero radiation in the vertical radiation pattern 

A. = wavelength 

/i-0 = permeability of free space 

P»i Ph - reflection coefficient of the ground for vertically-polarised 
and horizontally-polarised plane waves respectively 

cr — conductivity of the ground 

CJ = angular frequency 
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^o-ordinate systems; Cartesian; (x } y. 

Spherical: (r> B y <b) 
Cylindrical'; (p, s, <h) 



© BBC 2004. All rights reserved. Except as provided below, no part of this document may be 
reproduced in any material form (including photocopying or storing it in any medium by electronic 
means) without the prior written permission of BBC Research & Development except in accordance 
with the provisions of the (UK) Copyright, Designs and Patents Act 1988. 

The BBC grants permission to individuals and organisations to make copies of the entire document 
(including this copyright notice) for their own internal use. No copies of this document may be 
published, distributed or made available to third parties whether by paper, electronic or other means 
without the BBC's prior written permission. Where necessary, third parties should be directed to the 
relevant page on BBC's website at http://www.bbc.co.uk/rd/pubs/ for a copy of this document. 



Report Ho. 1-085 

{ 1983/27 ) 

August 1963 

AM IN'TROBUC'flGH TO THE THEORY 0.P AES1ALS 



1, rtTTRODUCTIOF 

The function of the aerial, when transmitting, is to propagate the electro- 
magnetic waves flowing from the source into space. It may be regarded as a leaky 
waveguide, the degree of guidance in launching the waves being controlled by the 
oonf iguration of the aerial. 

The two important characteristics are: 

i, the radiation pattern i.e. the intensity of the radiation as a function of 
direction, at a large constant distance from the aerial. It is obviously 
desirable to concentrate the available energy in the required directions, 
rather than to allow it to be radiated in directions where it will be 
either harmful or wasted. The greater the control required over, the 
shape of the radiation pattern the more complex the aerial, so that in 
practice a compromise must be sought between complexity and performance. 

ii« the impedance i which determines the design of the network coupling the 
aerial to the source, and also the working currents and voltages. In the 
case of aerials which are required to cover a band of frequencies it is 
necessary to know how both the radiation pattern and the impedance change 
over the band. 

The methods used in calculating these performance characteristics are 
introduced in sections classified according to the frequency band. These theoretical 
methods are of quite general application, and those developed in the earlier sections 
of the report form the foundation for the later work. The classification is used 
merely to draw attention to the associated practical problems, the importance of which 
usually depends on the frequency band under consideration. The initial number of 
both the figures and the equations give the sections in which they are to be found. 
Rationalised M.K.S. units are used throughout. 

1.1, Reciprocal Properties of an Aerial Used for Transmission or Reception 

Since the aerial and the associated propagation medium constitute a linear 
passive system, the radiation pattern of the aerial is the same whether it be used for 
transmission or reception. This can be proved by supposing the field due to the 
transmitting aerial, T, in Pig. 1.1, to be measured by means of a distant receiving 
aerial, R, which rotates round the transmitting aerial at a constant distance from it; 
the radius vector joining T and R is at an angle 8 to the axis of T. If a zero- 
impedance generator of voltage 7 in series with the transmitting aerial induces a 
current I to flow in the receiving aerial, we can write I <b Y,f{&)% f{8) is the 
function of 6 which describes the radiation pattern of T when transmitting. Applying 



Fig, 
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to one 
to this 



the reciprocity theorem, it follows that a 
aero— impedance generator of voltage Y in 
series with R induces a current I to flow in 
T; since I cc 7. fid), f{6) also describes the 
radiation pattern of T as a receiving aerial. 
The same argument holds if an arbitrary 
impedance is connected in series with T. 



The radiation pattern is defined as 
that obtained when the receiving aerial, R, is 
oriented to correspond with the polarisation 
of the radiated wave, i.e. to maximum pick— up, 
In some problems it may be convenient to 
calculate the radiation pattern corresponding 
particular component of the radiated wave; the reciprocity principle applies 
case also. 




1. 1 - Reciprocal properties of 
srial used for transmission or 
reeep t i on 
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(a) 



EQUIVALENT 
CIRCUIT OF AERIAL 



(a) Transmitting aerial energised from generator of voltage V and internal impedance Z 



INCIDENT WAVE 



(b) 




EQUIVALENT 
CIRCUIT OF AEKIAL 



\ b) Receiving asria! terminated in receiver of impedance Z; V = open~ci rcu i t voltage 

induced by incident wave 

Fig S „2- Equivalent circuit of an aeria! used for transmission or reception 



The equivalent circuit of a transmitting aerial is shown in Fig. l.S(a). 
7 is the open-circuit voltage of the applied generator of internal impedance Z, and 
Z a is the impedance of the aerial measured when transmitting. For reception, we 
regard the aerial as a network in which the voltage, F, induced at the open-circuited 
output terminals by the incident wave is either measured or calculated. The equiva- 
lent circuit is then as shown in Fig. 1.2(d); Z a is the impedance of the aerial 
measured when transmitting and % is the input impedance of the receiver. 



In calculating the radiation pattern or impedance of an aerial it is 
therefore immaterial whether we consider it to be transmitting or receiving, and we 
shall consider whichever case is the easier to analyse. This means that usually we 
shall take the aerial to be transmitting, although in a few cases it is more conveni- 
ent to consider it as receiving. 

l.gi Field Radiated by a Doublet 

In carrying out calculations on a radiating system it is often convenient to 
imagine it as being composed of a large number of infinitesimal eleroentsj by summing 
the contributions from the separate elements the effect of the complete system can 
be calculated. 





(a) Current element 



(b) Doublet 



Fig. (.3 

This concept is useful even in the case of a circuit carrying a direct 
current. We suppose the element, shown in Fig. 1.3(a), to be immersed in a conducting 
medium, but insulated from it except at the ends. A current I is maintained by means 
of a battery, and spreads out into the conducting medium. The current distribution 
within the medium is equivalent to the sum of two uniform radial distributions, one 
associated with each pole of the element. The current density of each distribution 
at a radius r is l/477r 2 and the associated current through the spherical cap of 
semi— angle 6 is kill -cos 8). The current flowing through the spherical cap due to 
the element is thus 



I . „ „. I „ I sin 2 6 Iz 

- {(l-cas8)- (1-cose-W)} = - sin£ W = 

S 2 2r 



where Sz is the length of the element and r » Sz, 



From considerations of symmetry the lines of magnetic force lie in circles 
perpendicular to and with their centres on the axis of the element. The only 
component of magnetic force is therefore E$, <f> being the angle from the datum in the 



horizontal plane. Since the current through, the spherical cap is equal to the line 
integral of the magnetic force round the periphery, we have 

I sin 8 hz 

v Arrr 2 

The corresponding element in the alternating-current case is the doublet 
energised by a series generator, as shown in Pig. 1.3(b), i.e. an Inf initesimally 
short filament whose radius is small compared with its length, terminated in large 
capacitances carrying oscillating charges* The generator voltage, and hence the 
current, is assumed to vary simisoidally with time; the current will be written Iei at 
where co is the angular frequency. The steady magnetic field in Fig. 1.3(a) becomes 
an alternating magnetic field in Pig. 1.3(b); as a limiting case we may consider 
radiation into free space. The voltage of the battery in Pig. 1.3(a) would of 
course then tend to infinity, but provided the current is maintained by some means the 
foregoing reasoning is not affected. 

We will endeavour to find a solution for the field which reduces to Equation 
(1,1) when as -* 0, with I replaced by Ie^ mt , and which also satisfies Maxwell's 
equations in free space. Spherical co-ordinates are the most convenient for this 
problem;* since the medium is non-conducting, and since also all the derivatives with 
respect to <f> vanish (from considerations of symmetry) and 3/3t may be replaced by jo), 

wehave 1 oB, cos^ 

jai€ E r =- ~rf- + -Bj, (1,2) 

r ad r Bind 

jo)€ Q S 8 = - -£- —2- fl<3) 

r Or 

B 9 oB B 1 oB r 

ja>e M4 = — +—S- -f- (1,4) 

r or r ad 

1 3l cos 8 
~jco^L F r = -~JiL + g flo5j 

r 60 r sliid 

E 4> ^H 
-wvoBe = - — - ^~ (1.6) 



d 



r 



3fo l3f, 
- iOJ/^j J^ = — + ——--— — ■ (1 . 7) 

or r 08 ■ 



r 



where e is the permittivity of free space = 10" 9 /36t7 farads/m, and fj. is the 
permeability of free space = 4tt ,10" 7 henrys/m. 

For the time bein.g we will assume that, as in the case of the element 
carrying a direct current, % e - V T - 0, and B^ <= sini9; we therefore write 

3 4,- sind . I (1.8) 

where J|/ is expected to be a function of t and r onlj 

E.C. Jordan, "Electromagnetic Waves and Radiating Systems", P rent i c e-Hsll , pp. 17 and 113. 



-j'2 cos 6 

From Equation (1.2) H = W (1 * 9 ' 

coe r 

j sin 8 I TJ/ 3 If 

Prom Equation (1.3) ^ = { - + — } (1.10) 

O>£ 

From Equation (1.4) % = ° (1.11) 

2 

Prom Equations (1.7)- (1.10) , since £ oy Lio = (±/c ) (where c is the velocity of light) 
we have 



3 £ f S of / 2 



r3r (£-**)*= ° 



where ,6= (o/c).= (SttA) and A. is the wavelength. As $ does not appear in Equation 
(1.12) our assumption that B^ oc sin (9 is justified. 

When r is very large the only component of the field is that corresponding to 
radiation into free space, the velocity of propagation being that of light; it must 
therefore include a factor e'^ r . The power flow per unit solid angle is independent 
of r (no power is absorbed by the medium) so that R^ °= (l/r). Since we must also 
satisfy Equation (1. 1} when Oi = 0, let us try a solution of the form 

J = m( -+ \ \ 8 j(at-£r1 (1.13) 

where M, if are expected to be constants. Substituting for f we find that Equation 
(1.12) is satisfied providing S = j jB. There is one other independent solution of 
the second-order differential Equation (1.12); it is found by changing the sign of 
/3 in Equation (1.13), but is inadmissible in our ease as it does not represent an 
outward-travelling wave. Since J = when 0) = 0, we can satisfy Equation (1.1) 
by putting M = ilSz/An). Our suggested solution for lj/ is therefore justified. 
Substituting for f in Equations (1.8)- (1=10) 

1 — + — pl^t-firl (1.14) 



j^—-,--^,. 



B = eOlSzooadl- i—) e j(»t-fir) (1.15) 



-2 #,3 



S a = 30JS2sine( — + \- J-) e J^t'fi^ {1 ' 16 



r r e fir 3 

Equations (1.14)— (1. 16) give the components of magnetic and electric force 
at a distance r from a doublet of length Ss carrying a current Ie ja>t . The components 
proportional to l/r, l/r £ and l/r 3 are sometimes called the radiation, induction and 
electrostatic fields respectively. The induction and electrostatic fields fall off 
rapidly with distance from the doublet, and are small compared with the radiation 
field for r > k. 



When r » A. Equations (1. 14)- (1. 16 } reduce tc 



jlBsB sin 6 r „ \ 

I — z e jUt.f) r ) (1>17J 

4 7Tr 



— -* as r -* co (1.18) 

s e 

j 301 $z/3 sin 6 ., „ , 
^ = - e jUt-5r) (1.19) 

In other words, when r » A. the only field components are fj and £#; they 
are perpendicular in space and in phase in time, and their directions are shown in 
Fig. 1.3(b). The ratio 77 = (Bg/S^) is defined as the wave impedance of the medium; 
for free space, from Equations (1.1?) and (1.19) we have 

rj Q = 120 77 % 377 ohms (1.30) 

The current in the doublet and the associated fields are both manifestations 
of the radiation of electromagnetic waves. The current satisfies the boundary 
condition required by the existence of the field, and it is immaterial which we regard 
as the "cause", and which as the "effect". It is often convenient to regard the 
current as the "cause" and then to calculate the field from the current. This is 
because we either know for assume) the current distribution in a transmitting aerial; 
we can then regard it as equivalent to a large number of doublets placed end to end 
each carrying the appropriate current. By summing the contributions from individual 
doublets the field due to the complete aerial can be calculated. 

So far we have taken r to be large compared with Sz, which in turn is large 
compared with the radius of the doublet. But since the radius is assumed to be 
vanlshingly small we can make r as small as we please in calculating the field 
associated with a complete aerial. 

1.3, The Image of a Current Element over a Perfectly-Conducting Plane 

In some aerial problems it is permissible to regard the ground as virtually 
perfectly conducting, and in these cases the concept of "images" is helpful. 

In electrostatics it is convenient to consider the effect of a perfectly- 
conducting infinite plane in the presence of a charge + q, Fig. 1.4(a), as being 
equivalent to a charge -q placed at the Image point. There is a corresponding 
equivalence for current elements; for instance, the image of a vertical current 
element is an equal positive current element, Pig. 1.4(b), while the image of a 
horizontal current element is an equal negative current element, Pig. 1.4(c). Por 
these arrangements, from considerations of symmetry we see that there is no component 
of tangential electric force at the surface of the plane, and Its presence does not 
therefore affect the field. However, the space above the plane is screened from the 
image; insofar as the field above the plane is concerned, it therefore follows that 
the plane is equivalent in its effect to an image source. 



» +q 



Fig, I. if - Images of charges and 

current elements over a 

perfectly-conducting plane 



(a) image of (b) image of (c) Image of 

fixed vertical horizontal 

charge Current element current element 



2. LOW- AND MEDIUM-FKESUENCY AERIALS 

The low- and medium— frequency bands cover 30-300 ke/s and 300 kc/s-3 Mc/s 
respectively. They are used mainly for local broadcasting services, radio-navigation, 
and communication systems which entail transmission along (or nearly along) the 
ground. Since the ground is virtually perfectly-conducting at these relatively low 
frequencies, vertical aerials are used in order to achieve the maximum field for a 
given power in the required directions. If uniform radiation in all horizontal 
directions is required, a single vertical wire or mast is employed; two or more such 
radiators are used for a directional system, the spacing between them and the relative 
amplitude and phase of the currents supplied to the Individual aerials being ar- 
ranged to give the required radiation pattern. 

£. 1. The Radiation Characteristics of the Idealised Vertical Aerial 

There Is as yet no rigorous solution to what at first sight appears a simple 
problem - the radiation from a vertical cylindrical aerial energised at the base. 
Unfortunately the current distribution along the aerial cannot be calculated exactly; 
some approximate solutions have been obtained and three of these are discussed in 
Section 2.2.2. In practical cases the radiation characteristics are often calculated 
making the assumption that the current distribution is the sinusoidal standing-wave 
pattern we should get on an open-circuited coaxial transmission line of the same 
length as the aerial, along which a wave is propagated with the velocity of light; 
for brevity this will be called a "sinusoidal" current distribution. Although the 
aerial radiates, whereas the transmission line does not, the two current distributions 
do not differ appreciably; in fact the aerial current tends to a sinusoidal distribu- 
tion for the limiting case of an infinitesimally thin filament (see footnote on p. 24). 

Another assumption which is often made in calculating the performance of 
aerials In the low- and medium-frequency bands is that the ground behaves as a 
perfectly-conducting plane surface. These two assumptions considerably simplify the 
mathematical analysis, and enable us to learn a great deal about the radiation 
characteristics of vertical aerials. We will therefore treat this idealised case 
first; but later we will consider the effect of both assumptions on the radiation 
characteristics, and obtain a closer approximation to the practical case. 

3.1.1. The Vertical Radiation Pattern 

Fig, 3.1 shows the vertical aerial of height h, energised at the base. The 
peak value of the current at the maximum of the sinusoidal distribution will be 



designated I. The effect of the perfectly-conducting ground plane is equivalent to 
the image current shown dotted. At a point height z above ground level, the current 
may be written 




Fig, 2. I -Vertical aerial radiating over perfectly-conducting ground 



We will calculate the electric force at a point P distance r from 0, OP 
being at an angle 8 to the vertical; r is assumed to be bo large compared with k and 
A. that lines joining any point on the aerial to P may be considered parallel. From 
Section 1.2 it follows that the only component of electric force at P is Eg, in a 
direction perpendicular to OP. The contributions to the electric force at P due to 
the element S^ and its image are substantially equal in magnitude; but they differ 
in phase because of the difference in the path lengths to the point P. Relative to 
an element at 0, the contribution from the element Iz leads and that from the image 
lags by an angle fiz cos 8. It follows from Equation (1.19) that the combined contri- 
bution from these two elements is 



jSOI sin (/3ft ~ z)j3 sin 8 



{ e j fcut-ySr- i cos 9) + e j Icot'fir+z cos#)].g. 



j60Ij3sind e J^t-/Sr) 



sin{/3 h — z) cosi/B z cos 9}Bz 



Since the phase of the current is the same at all points on the aerial the 
total electric force at P is 



j 601/3 sln9 e J (cot -£ r) t 



sin h - z) cos {j3> z cos 8) dz 

= — {cos(/3frcos0] -cos(/3k}}eJ lwi '- 3r) 



The phase of the electric force is therefore the same as for a doublet at 
the base of the aerial carrying a current in phase with the aerial current. If we 
call the r.m.s. value of the current at the maximum of the sinusoidal distribution 
(often called the loop current) I £ , the r.m.s. value of the electric force is given by 



"6 ~ 



r sin 6 



{cos (/? A cos 8) - cos (/3ft)} 



fS.l) 



In this and other cases where the exponential time tern is omitted r.m.s. 
values are implied. 

Equation (2.1) applies strictly to a cylindrical aerial whose radius is 
vanishingly small; but it clearly applies also to the case of an aerial whose radius 
is small compared with the wavelength. The electric force, Eg, is the field com- 
ponent measured in most practical cases, and is usually referred to as the field 
.strength. 



(a) h = 

(b) fc = 
(o) fc = 

(d) h = 



0. 2eA 
O. SO A. 
O. 5eA 

o. eoA 



Fig. 2,2- Vertical radiation patterns 
of vertical aerials, assuming perfectly- 
conducting ground and a sinusoidal 
standing-wave current distribution 



i i-o 

S 0-8 

t- 

Q 0.6 

_1 
u 



< 

J 
111 



: o.2 

















yj/l 
















/ | 










m 






™ 


i 












thy 






■ 


L$- 










y4) 


Ad) 









30 u 
ANGLE 



60° 
VERTICAL 



90° 



The vertical radiation patterns for aerials of different heights are shown, 
in Pig. S. 2, the curves being normalised to have the same value at 8 - 90 . For 
heights short compared with the wavelength the field strength is proportional to sin 5. 
The shape of the pattern remains substantially the same for heights up 'to 0*85 A, but 
as h increases further the radiation at small angles to the vertical decreases 
rapidly. 

For heights greater than 0*5 A a aero appears in the pattern at an angle to 
the vertical which increases with aerial height. The aerial may he thought of as 
approximately equivalent to a doublet at the same height as that of the loop current; 
as the height increases the distance between this doublet and its image increases, and 
when the spacing exceeds half a wavelength cancellation of the two contributions 
can occur. To cause the vertical radiation pattern of any aerial to differ signifi- 
cantly from that of a doublet it is necessary to "spread—out" the system over a 
distance of at least half a wavelength. In theory there are exceptions to this rule 



10 

Csee Section 3.1) but they are of no practical significance. The "spreading" may 
occur along a line, as in the case considered, over a surface, or throughout a volume. 

Ihe method we have used for calculating the radiation pattern can be applied 
to any aerial system comprising radiating wires, providing the current distribution is 
known. The field is calculated by summing the contributions, associated with the 
component doublets, the integration being carried out either mathematically or 
graphically. 

The shape of the vertical radiation pattern is an important factor in the 
design of transmitting aerials for broadcasting on low and medium frequencies; here 
the aim is to minimise the effect of the fading which occurs when two or more signals 
are received, one propagated along the ground (the ground wave) and the others 
reflected from the ionosphere (the reflected waves). Both the amplitude and phase of 
a reflected wave may change due to variations in the ionosphere, so that the resultant 
signal at the receiver waxes and wanes . The fading is often accompanied by distortion 
of the transmitted programme, and is particularly severe if the carrier amplitude 
falls to a low level leaving effectively enhanced sidebands. 

In Pig. 2.3 the received field strength is plotted as a function of 
distance from the transmitter, for the ground wave and for a single-hop reflected 
wave; perfect reflection at an ionospheric layer taken to be 110 km high is assumed. 
The ground-wave field strength takes into account the attenuation introduced by the 
imperfectly-conducting ground, which cannot be neglected even at low frequencies if 
the distances involved are long. The strength of the reflected wave, on the other 
hand, can be calculated on the basis of the curves shown in Pig. 2.2 since it is not 
attenuated by the atmosphere. 
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h = O. 25/V 
k = O. 50 A. 

k = o. 55A. 
h = o.eoK 



Ref 1 ected-wave fieSd strength assuming 
perfectly-conducting ground; perfectly- 
refiecting. ionosphere and a sinusoidal 
aerial-current distribution. 



v e J Ground— wave fieid strength for a conductivity of 
lo- 2 mho/m and a frequency of 1 Mc/s 

Fig, 2.3 - Ground-wave and ref! ected-wave field 

strength curves corresponding to the vertical 

radiation patterns shown in Fig,. 2. 2 



lOO 
DiSTANCE 



200 300 4O0 

FROM TRANSMITTER, dm 



For any given aerial height there is a distance for which the ground and 
reflected waves are comparable, so that severe fading is then possible. Since the 
ground wave is decreasing rapidly with distance from the transmitter and the reflected 
wave is increasing, reception conditions deteriorate very rapidly beyond this point. 
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We do not however change ever from a predominantly ground-wave service to a predomi- 
nantly reflected-wave service, since the amplitude and phase of the reflected wave are 
very dependent on ionospheric conditions. Rather we change from a region of slight 
fading to one of intense fading. Subjective tests show that perceptible distortion 
of the programme occurs when the reflected wave exceeds one quarter of the ground 
wave; the measured median reflection coefficient of the ionosphere is also about one 
quarter. It follows that we can regard the range at which the ground wave is equal 
to the reflected wave (calculated assuming a perfectly— reflecting ionosphere, as in 
Fig. £.3} as determining the limit of the useful service area. 

It will he seen from Fig. 2.3 that there is an aerial height giving the 
maximum service area, this optimum height depending on the attenuation of the ground 
wave; such an aerial is often described as having "antlf ading" characteristics. If 
the attenuation is high (due, for example, to low ground conductivity or the use of a 
high frequency or both) the ground wave falls off rapidly with distance from the 
transmitting aerial. This entails using a reduced aerial height and accepting a 
smaller service area. On the other hand, If the attenuation is low a greater aerial 
height is permissible and a larger service area Is achievedo 

Table 1 shows typical values of optimum aerial heights, the corresponding 
value of 8 (the angle from the vertical of the zero in the vertical radiation 
pattern) and the radius of the service area. The two values of ground conductivity, 
cr, correspond to the extremes likely to be encountered in practice. It Is necessary 
to emphasise here that in calculating the vertical radiation pattern we have consider- 
ably simplified the picture, by assuming a sinusoidal aerl al— current distribution and 
perfectly-conducting grounds We have taken the imperfect conductivity of the ground 
into account only in calculating the ground wave. As we shall see In Section 2,8.3 
it is possible to approach these idealised conditions in practice; Table 1 may 
therefore be taken as realistic. 

TABLE 1 

Optimum Aerial-Height and Service-Area Radius 



f 


k 


cr = 10' 2 mho/m 


a - 10" s mho/m 


Optimum 
aerial- 
height 


00 


Service— area 
radius 


Optimum 
aerial- 
height 


8o 


Service-area 

radius 


SOO kc/s 

500 kc/s 

1000 kc/s 

1500 kc/s 


1500 m 
600 m 
300 ra 
200 m 


0-60 A. 
0"5S A. 
0-54 A. 
0*51 A. 


48° 
44° 
3S° 

16° 


350 km 
£50 km 
.160 km 
100 km 


0-53A- 
0-50 A. 
0*50 A. 
0*50 A. 


27° 
0° 
0° 
0° 


180 km 
80 km 
50 km 
40 km 



In the low-frequency band masts of the optimum height (approximately 3000 ft ) 
Introduce prohibitive engineering difficulties and are never used. Even in the 
medium-frequency band masts of the height required are expensive, and it is desirable 
to use the minimum height giving the required antifading characteristics. 



In one arrangement, shown in Pig° 2.4(a), a "top" is added to the aerial, 
and constitutes a capacitance into which current can flow. The current distribution 



is 

is a portion of a sinusoid, as shown in Fig. 2.4(b). In the case of a mast radiator 
the "top" usually takes the form of a metallic disc, in order to achieve the required 
capacitance with a structure of relatively small dimensions. This is a convenient 
mechanical arrangement, and at the same time means that the radiation from the "top" 
is negligible. On the other hand, for a wire aerial it is convenient to make the 
aerial in the form of a T or inverted L, and if the "top" is extensive the radiation 
from it may not be negligible. 



<s> 



Q 




MAST RADIATOR WIRE AERIAL 

(a) Mechanical arrangement { b} Aeriai current distribution 

Fig. 2.4 - Aerial with capacitance top 






(a) Ktech an i oal 
arrangement 



Another arrangement used 
for mast radiators is shown in Pig. 
2.5(a), One section of the mast '.s 
insulated from the other, a reactance 
being connected across the gap; this 
is sometimes described as series 
loading. The current distribution, 
shown in Fig". 2. 5(b), takes the form 
of portions of two sinusoidal 
distributions. A combination of a 
capacitance "top" and series loading 
can also be used. The radiation 
patterns for any of these arrange- 
ments can be calculated, making the 
assumption that the aerial current 
distribution is the same as for the 
corresponding dissipationless trans- 
mission line. Since both methods 

raise the height of the current maximum, the effective height of the mast is increased; 

in practice increases of 10^-2056 can be achieve by these means. 



(b) Aeriai current 
df stri bution 



Fig, 2.5- Series-loaded aerial 



The arrangement we have discussed here, a single vertical aerial between 
0-5 A. and 0-6 A. high energised at the base, is only one method of obtaining antifading 
characteristics. However, it is the only method in common use, because it is both 
convenient and not unduly expensive. It is possible to use instead a number of 
aerials in ring formation, or a number of aerials on the same vertical axis. Both 
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arrangements give uniform radiation in all horizontal directions and can be designed 
to have antifading characteristics . 

2. 1. 2. Calculation of the Radiated Power 

Two methods have been developed for calculating the radiated power, the 
"Povnting-vector method" and the "Induced-BMP method 1 '; as both are instructive we 
will apply them in turn to the case of the idealised vertical aerial radiating into 
free space. 

(i) The Poynting-vector method 

Ihe aerial is assumed to be at the centre of a sphere having a radius large, 
compared with the wavelength; the power radiated is then found by integrating the 
Power flow per unit area over the spherical surface. For an aerial over perfectly- 
conducting ground (Pig, 2.6), as no power flows through the ground plane we need to 
integrate only over the hemispherical surface . 



We have seen in Section 1.2 that, at a distance from the aerial large 
compared with the wavelength, the only field components, Sg and jf , 9 are in phase; 
from Equation {1.20} we have (Sq/S^) = 1SG77. It follows that the corresponding 

power flow per unit area is In the direction of the radius vector r, and equal to 
\Bg\ /ISO tt, where S„ is the r.m.s. value of the electric force. Consider a narrow 
strip on the hemisphere bounded by radii at angles of 8 and {& + S 8} to the vertical; 




Fig. 2.6 - Calculation of radiated power by the Poynting-vector method 
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since the area of the strip is Zf!r 2 sin 9 8 & the power flowing' through it is 
( [■% I 2 /60)r 2 sin£ S d. Substituting for Sq from Equation (2.1) the radiated 
power, P, is given by 



P = 601 



2 f {cost/3 A COS 6) - COS (/3ft }} 



"/a , „ -. .„ ., 2 



{cos (/3ft cos 8) - cosifih}}' 
We can write I : d8 



i 
{cos (/3 fry) -cos(/3/t)} 2 

dv 

(1-v 2 ) 



where v — cos ( 



j {cos(Bhv)- cos (Bh)} 2 { 

J \ (1+v) 



Changing the sign of the variable in the last term of the integral, and remembering 
that cosifihv) ~ cos (— /3hv ), we have 

i 
I [ {cosf.fi hv) -cosifih}}' 1 



P ~ - / ' dv 

Z J CL+u] 

- 1 



"Writing u = fl.+ i>), after simplification we obtain 



P - 15l£isin(2f3h)Si(4f3h)-2sin(2/3h)Si(2j3}i)- 



-coa(2fih)Ki(4,fih) + 4 cos Hfih )Ki {Zfih )} (S.S) 



sin « 
where Si(x) = I du (2.3) 



usually called the "sine integral", and 

X 

[ (1— costs) 
Kiix) - I du - y+log(x) -Ci(x) (3.4) 

o 
7 is Euler's constant, 0-5773, and 

r cos v, 

Ci{%) = dii (2.5) 

J M 

CO 



usually called the "cosine integral "= 
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Fig. 2.7 - Calculation of 

radiated power by the 

I nduced-EMF method 



(ii) The Induced-IMF method 

Suppose next the aerial is 
surrounded by a closely— fitting cylinder, 
as shown in Fig. 2.7, The power flow per 
unit area normal to the surface of the 
cylinder is — Re (S z S < p ) , where E z is the 
^-component of the electric force and Ra is 
the conjugate of the 4> component of the 
magnetic force at the point Z; the minus 
sign arises from the conventions we have 
used for defining the directions of E 2 and 
J? j. The outward power flow per unit 

length of the cylinder is therefore 
— ReCJTjI*), since I z , the current flowing at 

the point £, is the line integral of the magnetic force round the cylinder at the 
point 2. The total outward power flow through the cylindrical surface is therefore 

k 

-Re . f $ Z I z dz 

The conjugate sign can he omitted since we will take I z as the phase 
reference. Using Equations (1.15) and (1.16) we can resolve the S r and Eg field 
components for a doublet to find the g % component, and then integrate to take account 
of the complete aerial and its image. The result is shown in Section 7.1 to be 




Ij = j30I t I 2 cos{/3h) 



e-i$ r o 



r 



e-JPri 



,-iPr. 



(2.6) 



where r , r ± and r 2 are respectively the distances to the base and the extremities 
of the aerial and its image, as shown in Pig. £.7. We see that —Re(B I x ) is finite 
at the top and bottom of the aerial, so that there is no power flow through the 
inf initesimally small end caps of the cylinder. 

The total outward power flow from the aerial, P, is therefore given by 



P = -30I, 2 Ira . { 2 cos ({3 h) 



e -iP r o e -'P T 



■JP r 2 



r Q 



sin(/3h - z) d,z 



The result is shown in Section 7,2 to he the same as that given \yj the Poynting— vector 
method. 



This method, as so far described, is similar to the Poynting— vector method 
but with a closely— fitting cylinder replacing the hemispherical surface. There is 
another way of looking at this method which is instructive. Equation {2.6} gives 
S z at any point, and can be used to find the value at the surface of the aerial; the 
result for an aerial of finite radius is given in Section 7.1. But since we assume 
the aerial to be perfectly-conducting there cannot be a tangential component of 
electric force at the surface, and the only way to satisfy the boundary condition is 
to postulate generators spaced at intervals along the aerial. Generators of voltage 
—E z $z spaced Sz apart maintain an electric force S (the electric force is minus the 
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potential gradient). These are the generators, therefore, which are required to 
maintain the assumed sinusoidal current distribution and the power supplied by them, 



-Re 



SJds 



is equal to the radiated power.* 

It follows that if, after assuming the current distribution on an aerial, we 
calculate the resulting tangential electric force .at the surface, S x) either: 

(i) there are distributed generators of voltage —S z Zz spaced at intervals Bz 
along the aerial, and these generators maintain the assumed current 
distribution exactly, or 

(ii) if it is known that the system of generators described in (i) above does 
not exist, the assumed current distribution is incorrect; the current 
will deviate from the assumed distribution to such an extent as to make E z 
zero at all points along the aerial. 



Pig. 2.8 shows the calculated value of S for an aerial carrying a sinusoidal 

z 

current distribution. It applies to a mast 0«B5^high, radius 0*0025 A., but is 
typical of other cases. Re . S z is the component in phase with the aerial current and 
Im • S z is the component in phase quadrature with the aerial current. We see that a 
complicated system of generators would be required to maintain the assumed distribution. 

If the aerial were energised at the base S z would be zero along the aerial, 
with sudden discontinuities at the top and at the base, where the aerial terminates; 
if the gap across which the generator is connected were Infinitesimal, S would be 
infinite at the base. S z for the base-energised aerial is shown dotted in Fig. 2,8; 




Fig, 2=8 - B as a function of z for a vertical aerial, height 0°55A., radius 0-0025A 

*The originator of the title h y Trhicfc this method is kEO« regarded any element of the 
circuit as subject to an EMF induced by the remainder of the circuit; the radiation froa 
that element was given by the real part of the product of tile induced EMF and the current. 



it is very nearly the same as that for the aerial carrying a sinusoidal current. A 
relatively small change in the current distribution is therefore sufficient to change 
the full-line curves in Fig. 2.8 to the dotted curve. Since E z at a given point is 
determined mainly by the current flowing at the point, in the case of a base-energised 
aerial we conclude that the deviations from a sinusoidal distribution occur mainly 
near the top and bottom. Moreover, it follows from Section 7.1 that the thinner the 
aerial the more steeply does Im . E z increase at the extremities, and hence the more 
closely do the full-line curves approach the dotted curve; in other words, the 
closer does the current distribution approach a sinusoids 

Since S is aero along an aerial energised at the base, it is sometimes 
stated that in the induced-EMF method a "non-existent" quantity is integrated to give 
the radiated power; this is referred to as the "radiation paradox". But we must 
expect anomalies if an incorrect assumption is made, for instance that the current 
distribution is exactly sinusoidal for a base— energised aerial. In calculating the 
radiated power by the induced-EMF method we are not integrating a "non-existent" 
quantity, ■ but quite correctly calculating the power flowing from the only sources 
consistent with a sinusoidal current distribution - the distributed generators. The 
result also applies approximately if the current distribution is approximately 
sinusoidal, as is the case for a relatively thin base—fed aerial, 

S.l. 3- The Radiation Resistance 

The power radiated by the aerial can be expressed as in Equation {£.£} or in 

the form 

P = I 2 R (2.7} 

where I is the current at the input terminals. J? is defined as the resistance by 
which the square of the input current must be multiplied to give the radiated power, 
and is described as the "radiation resistance referred to the input current". J? is 
therefore the resistive component of the input impedance of the aerials 

It is often convenient to regard the input terminals as being at the 
current loop. It follows from Equations (£»£} and (2.7) that i? L> the radiation 
resistance referred to the loop current (or the loop radiation resistance] is given 

by 

S L = 15{sin.(Zfih)Si(4:fih)-2sin(2/3h)Si(Zj3h)- 

-cos(2f3h}Ki(4/3h) + 4cos 2 (fih)Ki(2^h)} (2.8) 

The functions Si(x) and Ki(x) are defined by Equations (£.3) and (£.4), and 
are well tabulated; 1 ' s they are plotted in Pig. 2.9. Sometimes the value of Ci(x) 
rather than Kiix) is tabulated; Equation (2.4} gives the relationship between these 
two functions. Fig. £.10 shows R^ as a function of the aerial height, -ft. 

If the input terminals are not at the current loop the radiation resistance 
referred to the input current can be derived in terms of S L ; we merely equate the 
radiated power expressed in terms of the loop current to that expressed in terms of 
the input current. For a sinusoidal current distribution the radiation resistance 
referred to the input (or base) current is i? £ cosec 2 (/3/t) » However, a word of warning 
is necessary in applying this result for the idealised aerial to the practical aerial. 
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Fig. 2.9 - 5i(x) and Ki{x) functions 



If the current distribution does not conform precisely to a sinusoidal 



standing-wave pattern there are two difficulties. 



First, our calculation of the 



radiated power is in error; second, the assumed relationship between the input and 
loop currents is not correct. As we shall see later, in practice the deviations of 
the current distribution from the assumed sinusoid are relatively small, and important 
only in the vicinity of the current node. It follows that the power calculated in 
terms of the loop current, and hence E L , are approximately correct. On the other 
hand, the value of the radiation resistance referred to the input current may be 
greatly in error when h is approximately 0«5A., since in practice the ratio between 
the input and loop currents departs substantially from the ratio for a sinusoid. 
Equation (3=8) therefore gives a close approximation to S L ; it can also be used to 
give a reasonably good approximation to the input resistance, except for a range of 
values of h in the neighbourhood of 0* 5<V. A method which is not subject to this 
restriction is given in Section S.S.4. It is therefore preferable to work always 
in terms of the loop radiation resistance, using the method given in Section 2.2.4 to 
obtain the input impedance of the aerial. 



Let us consider next some practical eases. 
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Fig, 2. 10 - Rad i ation resistance of aerial referred to loop current 

Example 1: h = 0'25X_ 

£ L — 36" 56 ohms 

1 1 for a radiated power of 100 kW is 5£*2 amps 
It follows that, for an aerial 0*5 A. long in free space, R L = 73*1 ohms. 



Example 2' h 
J? 



0*5 A. 

, - 100 ohms 

I L for a radiated power of 100 kW is 31* 6 amps 

The effect of the perfectly— conducting ground is to increase R^ from the 
free— space value of 73*1 ohms to ICO ohms. 

Example 3: h = 0*125 A. 
R^ = 3*4 ohms 

The base resistance is 3*4 cosec 2 {?r/4) =6*8 ohms 
The base current for a radiated power of 100 kW is 116 amps. 



So far we have considered only simple vertical aerials. If an antifading 
aerial has a capacitance top or series loading the loop radiation resistance is less 
than that for a simple aerial having the same vertical radiation pattern; the value 
can be calculated using one of the methods described In Section. 2.1.2. On the other 
hand, a capacitance top is often added to a low aerial with the object of increasing 
the radiation resistance. In this case a large top changes the current distribution 
on the vertical portion of the aerial from linear to substantially constant, thus 
approximately quadrupling the radiation resistance. 
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The value of the radiation resistance of a doublet in free space is of 
theoretical interest. A doublet can be regarded as the limiting case of a very short 
aerial together with its image; the equivalent current in the doublet is the mean. of 
the linear distribution in each half of the short aerial. However, it is simpler to 
calculate the radiation resistance direct from Equation (1.19). We imagine the 
doublet, of length oz carrying a r.m.s. current I, to be at the centre of the sphere 
in Fig. 2,6. Integrating over the surface we obtain 

77 „ 77/2 



P = 



ISO 77 



30lSs/3 sin 6 



2TTr s S inddd= 30/3 2 I 2 S^ 



sin 3 8 dd = 20/S 2 J 2 Ss £ 



The radiation resistance of the doublet, S ,, is therefore given by 

R, = SD/3 2 $z 2 



(3.9) 



3.1.4, Ground-Wave Field Strength 

Ihe ground-wave field strength, E „, is given by putting 6 - 90 in Equation. 
(3.1); combining this with Equation (2.7) we obtain 



Br 60 



{l- cos (J3h)} 



(3.10} 



In other words, the product of E and r divided by the square root of the power is a 
constant for a given aerial; the greater the concentration of energy along the ground 
the larger the value of S r//P. This parameter, which Is shown in Fig» 3.11, can 
therefore be regarded as a figure of merit for comparing the ground— wave field 
strengths for different aerials. For a short aerial, for example, the value of 
% r/vP Is 9* 5; the field strength at, say, 1 km from the aerial over flat perfectly- 
conducting ground Is therefore 9*5 millivolts per metre (mV/m) for a radiated power 
of 1 watt, or 300 mV/m for a radiated power of 1 kilowatt. The value of E r/\/P 
increases from 9*5 at low values of ft to a maximum of 14 at h = 0*63 A. and thereafter 
decreases rapidly. This Is the type of curve we would expect from consideration of 
the vertical radiation patterns shown in Fig. 3.3. As the aerial height Increases 
the reduction in radiation upwards, compared with that along the ground, necessarily 
Implies an Increase in the ground-wave field strength for a given power. E r//P 
eventually decreases on account of the radiated power associated with the large 
subsidiary lobe. 
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Fig. 2.11 - Erb/P for a vertical aerial, height ft 
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Looking next at that part of the diagram corresponding to small values of h 
we see that S r/\/P is substantially independent of A. We might conclude from this 
that, if the vertical radiation pattern meets the requirements, a very short aerial 
has no technical disadvantages, and has the merit of cheapness. This would be true 
only if our assumption of perfectly-conducting ground were correct, and if there were 
no disadvantages associated with the very high base current and the correspondingly 
high base voltage. In practice, if a very short aerial is used a substantial 
fraction of the power may be lost in the ground, in tuning coils and in aerial 
insulators; the fraction lost in this way increases as the aerial height is reduced. 
A compromise must therefore be sought between performance and cost. 

The above considerations lead us to divide our aerial requirements in the 
low and medium— frequency bands into two main classes: 

(i) The first class includes those cases for which a sinusoidal vertical 
radiation pattern is acceptable, and where the cost of a high aerial 
merely to achieve a higher ground-wave field strength is not warranted. 
The aerial height is chosen to be a compromise between overall cost and 
loss of power in the ground and matching circuit. For transmission the 
aerials are usually between 0*lA.and 035A.high, and are often provided 
with capacitance tops. For reception very short (and hence very ineffi- 
cient) aerials are usually used. 

(Ii) The second class comprises these transmitting aerials for broadcasting 
which are required to give the maximum service area. The aerial height 
is between 0-5 A. and O'Sky the siae of the capacitance top or the amount 
of series loading, if used, would be such as not to reduce the loop 
radiation resistance unduly - a value not less than about 30 ohms is 
aimed at in practice. 

2.2. The Radiation Characteristics of the Practical Vertical Aerial 

In dealing with the idealised aerial in Section 2.1 we assumed that the 
ground is perfectly conducting, and also that the aerial current distribution is a 
sinusoidal standing-wave pattern. We will next examine the effect of departures from 
these idealised conditions. 

2.2.1. The If feet of Imperfectly-Conducting Ground on the vertical Radiation 
Pattern 

In analysing the radiation from an aerial over imperfectly-conducting ground 
it is convenient to take the expression for the field and to regard it as the sum of 
three components: 

(i) the direct wave, i.e. the wave received in the absence of the ground, 

(ii) the ground—reflected wave, i.e. the direct wave multiplied by the reflec- 
tion coefficient of the ground for a plane wave of the appropriate polari- 
sation and angle of incidence, delayed in time relative to component 
(i) as a result of the greater path length, and 

(iii) the surface wave. 
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We will group the first two components together and call the sum the 
space-wave. Since the reflection coefficient for both vertically- and horizontally- 
polarised plane waves is -1 at grazing incidence (i.e. along the surface of the 
ground) the space wave is aero at the surface; the only field component here is the 
surface wave. The space wave predominates elsewhere, except over a small region 
just above the surface of the ground, where the space and surface waves are comparable. 

In the case of imperfectly-conducting ground it is convenient to regard the 
total field as comprising the space-wave (the sum of the direct and the ground- 
reflected waves) and the surface wave. On the other hand, in the case of perfectly- 
conducting ground it is more convenient to group the ground-reflected wave and the 
surface wave together,* regarding the sum as a single -contribution from an image of 
the aerial, with a ground reflection-coefficient of +1 for all angles of incidence. 

The space-wave field strength is inversely proportional to distance from 
the aerial, since there is no attenuation in the atmosphere" at the frequencies under 
consideration. The surface wave, on the other hand, is attenuated more rapidly than 
inversely as the distance, as a result of the power dissipated in the ground; it is 
eventually entirely absorbed in the ground. This means that the vertical radiation 
pattern of our aerial is no longer the produce of independent functions of the distance 
and direction, as it is in the case of perfectly-conducting ground. It is therefore 
more appropriate to plot the vertical radiation pattern of the space wave only, 
remembering that the surface wave corresponding to the particular distance must be 
added to complete the picture of reception at a given point. This is convenient 
inasmuch as the reflected-wave field strength depends only on the space wave (except 
over a small region which is of no practical interest) and the ground-wave field 
strength depends only on the surface wave. 

The reflection coefficient for a plane vertically-polarised wave incident 
on flat ground is given by** 

(€ - j60kcr} cos 6 - /{(£ - j50kcr) - sin 2 6} 

q — — . r . ■ { p ^ i ) 

v ■ (€ r -jQ0kcr)cos6 + i/{(£ r ~j60hcr) - s±n 2 B} 

where £" r is the ratio of the permittivity of the ground to that of free space, and cx 
is the conductivity. Fig. g.lS shows p v for a frequency of 1 Mc/s and two values of 
O", 10' £ and 10° 3 mhos/m, corresponding to ground of good and poor conductivity 
respectively. The reflection coefficient is virtually constant over the range of 
angles of interest in calculating the reflected-wave field strength (0°-50°) from the 
vertical; furthermore, over this same range, when' cr - 10" 2 mhos/m p is virtually 
the same as for perfectly— conducting ground. 

The vertical radiation pattern of the space wave for a vertical doublet 
height h above ground level is the sum of two contributions, the direct wave and the 
direct wave multiplied by p v ; the latter contribution is delayed relative to the 
former (as a result of the path difference) by a phase angle S/3ft cos 0. By regarding 

In this limiting case tee surface wave is finite only at grazing incidence (& ~ 90 ). 

E= C. Jordan, Sle c tromagn e t i a ^aTes and Radiating Systems, Prertt ice-E all , p. 141. 
Tie definition of p is illustrated in Fig. 3.1. 
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the aerial as composed of collinear 
doublets and summing the contributions, 
we can calculate the vertical radiation 
pattern of any aerial, provided the 
current distribution is known. The 

pattern for a 0* 55 K aerial carrying a 
sinusoidal current distribution is shown 
in Fig, 3.13; in this diagram the field 
strength is normalised with respect to 
the ground wave for an aerial {carrying 
the same current) over perfectly— conduc- 
ting ground. 

From Fig. 2.13 we see that the 
effect of the finite conductivity is to 
increase the angle of minimum radiation, 
i.e. it is equivalent to an increase in 
the effective height of the aerial. 
This results from the increased phase lag 
on reflection at the ground, and can be 
compensated by a small reduction in the 
aerial height. More important, the aero 
in the vertical radiation pattern is 
blurred, and the subsidiary lobe is 
increased. For a = 10" 2 mhos/m the 
minimum field strength is 3% of the 
ground— wave field strength for perfectly- 
conducting ground; for cr = 10 
the corresponding figure is 11%. 
conducting ground not only increases the 
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strength of the reflected wave; more important, it reduces the distant ground-wave 
field strength |,Q r 
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The symbol £- Is used to designate the phase angle of a complex qusatity. 
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The foregoing discussion has been in terms of an aerial without an extensive 
earth system*, It is usual to bury wires just below the surface of the ground in 
order to reduce loss in the immediate vicinity of the aerial; but typical earth 
systems rarely exceed OS A. in radius and have a negligible effect on the vertical 
radiation pattern. 3 

2,3.2, The Aerial Current Distribution 

In any radiation problem we must formulate Maxwell's equations in the space 
outside the aerial in a form suitable for satisfying the boundary conditions; in our 
case the tangential electric force must be zero over the surface of the perfectly- 
conducting cylindrical aerial. The most suitable mathematical form of the solution 
will depend on the precise shape of the surface; it will be different, for instance, 
if the corners of the cylinder are slightly rounded rather than sharp, although we 
can see intuitively that this cannot affect the current distribution significantly. 

Rigorous solutions for the current distribution have been obtained for cases 
where the shape of the aerial is chosen to be convenient for mathematical analysis. 
On the other hand, the solutions applying to cylindrical aerials introduce approxima- 
tions at some stage. But even these approximate solutions involve a lengthy mathe- 
matical analysis and it is not possible to deal with them in detail here. Three are 
worthy of mention, in order to illustrate both the methods of grappling with an 
intractable problem, and also the attendant difficulties. 

It is possible to formulate an integral equation satisfied by the aerial 
■current by equating the tangential electric" force along the aerial to zero. However, 
it is not possible to obtain an explicit solution of this equation because the 
electric force at any point is a function of the current at all points on the aerial,* 
The best we can do is to check whether any suggested current distribution satisfies 
the integral equation. Hallen 4 overcame this difficulty by splitting the integral 
equation into two parts, one of which was much smaller than the other; he then 
calculated the smaller term approximately, thus obtaining a first approximation to the 
current distribution. This result was the inserted in the original Integral equation 
to obtain a closer approximation to the current distribution, and so on. By a 
series of successive approximations a solution was obtained in the form of a power 
series in 1/D, where Q. = 60 log(2h/a), h being the height and a the radius of the 
aerial. Clearly the choice of the parameter to use in the power series is important, 
since there is a possibility that the series may not converge. Gray, s for instance, 
obtained a power series using a slightly different parameter, and claims it gives 
results in better agreement with measurements than that of Hallen. 

Bohia 8 used a method based on the transmission line analogy; he took as a 
first approximation to the aerial current a sinusoidal distribution, or the primary 
current. The system of distributed generators needed to maintain the primary 

k similar difficulty does not arise in the theory of transmission lines because it is 
assumed that the spacing between the go and return wires is so small that the conditions 
to be satisfied at any point are determined only by conditions at the point. The condition 
Of zero tangential electric farce at the surface of each wire then gives the well-fenown 
transmission line equations. As the radius of the aerial decreases the tangential electric 
force at a point becomes increasingly determined only by the current flowing at that point; 
it follows that the current distribution then rererts to that for an o p e n- ci r ou i t ed trans- 
mission line, viz. a sinusoidal s t snding- wav e pattern* 
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current follows from the induced-EMF method (see Section 2.1.2). The difference 
"between the true current and the primary current, the secondary current, is therefore 
maintained by this system of distributed generators, reversed in sign, together with 
the base generator. The secondary current can then be calculated by regarding the 
aerial as approximating to a uniform transmission line, thus giving a second approxima- 
tion to the aerial current.* This method is similar to that of Hallen and could be 
similarly continued in an iterative manner, but published results have so far been 
restricted to the second approximation, 

Schelkunoff ' s method is based on the solution for a biconical aerial with a 
generator applied between the apices; the radiation from this aerial is the same as 
for an inverted cone over perf ectly-conducting ground. A transverse electro- 
magnetic wave, the "principal wave", is propagated in the "aerial region" as if along 
a transmission line having a characteristic impedance determined by the angle of the 
eone. At the "boundary sphere" separating the "aerial region" and the "free-space 
region" a disturbance is set up which causes an infinite series of "complementary 
waves" to be generated. These are propagated outwards into free space and inwards 
towards the generator. The coefficients of the complementary waves are found by 
satisfying the continuity conditions at the boundary sphere; this is a laborious 
process involving a series of successive approximations „ The aerial current follows 
from the value of the tangential magnetic force at the surface of the cone. A 
cylindrical aerial is regarded as a series of elements each approximating to a frustum 
of a cone, and the average characteristic impedance calculated (see Section 2.2,5). 
The equivalent conical aerial is taken to be one having the same characteristic 
impedance. 

The results obtained by the three methods discussed are in reasonably good 
agreement, bearing in mind the difficulty of the problem.. They demonstrate that the 
aerial behaves approximately like a transmission line of constant characteristic 
impedance; the larger the ratio of the height to the radius, k/a, the higher the 
characteristic impedance (see Section 3.2.5). The aerial current may be regarded as 
the sum of two components, one in~phase and one in phase-quadrature with that for 
the idealised aerial. The in-phase component is distributed approximately sinusoi- 
dally, but is "compressed" slightly, corresponding to a wave propagated along the 
aerial with a velocity less than that of light; the apparent velocity falls as the 
characteristic impedance of the aerial isreduced. The corresponding radiation 
pattern could be calculated from the known distribution of the in-phase component. 
But, for the important case of aerials approximately 0. 5 ^ high, a sufficiently good 
estimate for most purposes can be made as follows. 

* t f 

in tile methods used by Hallen and Boha it Is assumed that ihe current flDTS along a thin 
filament at the axis of the aerial. The field at a distance from this axis equal to the 

radius Of the aerial is takes to lie the same as that at the surface of the actual aerial! 
this procedure requires Justification, In both methods the radius of the aerial, a, enters 

the result in the form log a. The actual aerial is equiTalent to a series of thin filaments 
spaced round the periphery, the contributions of shich must be summed. The term log a in 

the result should therefore be replaced by 

2 n/2 

~ J log{2a cesl^)(^> 


The proof that this is equal to log a, thus justifying the procedure used by Hallen and 
Bona, is left as an exercise for the reader. 
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If the velocity factor (the ratio of the effective velocity of propagation, 
along the aerial to that of light 5 is v, the height of the maximum of the current 
distribution is approximately h/Zv, and the vertical radiation pattern will "be like 
that for an idealised aerial greater in height by k{l/v - l}/2. There is therefore 
an "equivalent" practical aerial, shorter than the idealised aerial by an amount 
k{l/v - l}/2, which has the same vertical radiation pattern. 

The phase- quadrature component of the aerial current is in phase with 
the applied voltage, and the product of the two at the base therefore gives the 
power flowing from the generator.* The phase^quadrature component is concen- 
trated towards the base of the aerial, so that its vertical radiation pattern is 
similar to that for a low aerial. As a result, the radiation pattern for the 
complete current distribution exhibits a blurred minimum, the degree of blurr- 
ing increasing as the characteristic impedance of the aerial is reduced. The 
measured pattern for a typical mast radiator 0* 55X. high, over perfectly-conduct- 
ing ground, is shown in Fig. S.14. 3 The measured pattern in Pig. 2.14 is like 
the idealised case for an aerial 0° 58X, high; in this case the velocity factor v 
is therefore 0*90. 



The complete current distribution takes the form of a sinusoid (with zeros 
0-5 vK apart) having a minimum blurred ~bj the phase quadrature component. The ratio 
of the maximum to the minimum in this distribution is a measure of the difference 
between the idealised and practical aerials; by equating the radiated and input 
powers we can show that the ratio is approximately equal to R L /S Q . For a typical 

mast radiator fJ? £ = 70 ohms and Z - 330 
ohms) the maximum to minimum current ratio 
is about 0-3; for a typical thin wire 
aerial of the same height the ratio would 
be about 0-15. 

2.2.3. The Radiation Charac- 
teristics 

The differences between the 
radiation patterns of the idealised aerial 
considered in Section g. 1 and the practical 
aerial considered in Section 3.2 are 
important mainly if antifading charac- 
teristics are required. The chief 
difference is that the vertical radiation 
pattern of the base— driven aerial exhibits 
a blurred minimum, the effect of imper- 
fectly-conducting ground re—inforcing that 
of the aerial current distribution. Other 
effects occasion no difficulty, involving 
merely a small modification to the aerial 
height. 
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Fig c 2.1^ - Measured vertical radiation 
pattern of 0-55^ aerial over perfectly- 
conducting ground; z - 2M-5 ohms 



''Here the phase reference Is that of the current In the idealised aerial; in power engineer- 
ing en the other hand, the phase reference is usually taken to he that of the applied 
voltage. In the latter case the power flow is given hj the product of the voltage and the 
itl^phase components of current. 
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The blurring of the radiation pattern associated with the aerial current 
results from the concentration near the base of the phase-quadrature component. This 
difficulty can be overcome by feeding the power in at the position of the current 
loop, rather than at the base; the base is then connected to ground through a 
reactance such as to locate the current loop at the required height, the current 
distribution then being similar to that shown in. Pig. 2.5(b). One method is shown in 
Fig. 2.15(a), where the lower section of the mast is used as the outer of a trans- 
mission line through which the power is fed. 

We can go further, and feed power in simultaneously at the position of the 
current loop and also at the base, as in Fig. 2. 15(b). The driving circuits can be 
designed so that power is fed in at the loop but abstracted at the base, in any 
desired ratio. If the site were perfectly-conducting the vertical radiation pattern 
would therefore be the same as for a base— fed aerial with a negative phase— quadrature 
component of current. This arrangement can therefore be designed to overcome the 
deleterious effect of imperfectly— conducting ground, which is equivalent to a positive 
phase-quadrature component of aerial current. The vertical radiation pattern of the 
practical aerial energised at the loop and base simultaneously is then similar to that 
for the idealised aerial considered in Section 2.1. 







NETWORK FOR 
ADJUSTING THE 
AMPUTUDE AND PHASE 
"OF THE BASE VOLTAGE. 



(b) Energised at foop and base 
sifflu I taneousl y 



(a) Energised at loop 

Fig, 2. !5 - Methods of energising a vertical aerial 



We have shown that, for aerials approximately 0-5 A. high, the practical 
aerial of height 



M- 
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1 
Zv 



has substantially the same vertical radiation pattern as an idealised aerial of height 

ft. For a given loop current, the ratio of the ground-wave field strengths of these 

equivalent aerials is 

/ 3 1 

1-eos ( /3h 

\ 2 Zv 



i(j3h) 
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Since the radiation patterns are the same, the square of this fraction is 
the ratio of -the radiated powers, and hence of the Loop radiation resistances. Tne 
loop radiation resistance of the practical aerial can therefore be derived; the 
method is approximate, but adequate for most practical purposes. 

For the base— fed aerial, the ground-wave field strength will be less, and 
the loop radiation resistance greater, than that for the equivalent aerial energised 
at the loop and base simultaneously, on account of the radiated power associated with 
the phase quadrature component of aerial current; hut in practical cases the differ- 
ences are small. 

2.2.4. The Base Impedance 

The theoretical methods described in Section 2.3.2 give the input current 
for a given generator voltage, and hence the base impedance of the aerial. However, 
the formulae involve extremely laborious computation, and are in any case subject to 
the same doubts as those arising in determining the aerial current distribution. 
There is an added difficulty; the fields associated with the end caps (or the 
evanescent fields within the cylinder near the top and bottom, if there are no end 
caps) are neglected. If, for instance, the generator is applied across an infinitesi- 
mal gap the added parallel susceptance on this account is infinite. 

Apart from these limitations there are usually other considerations to take 
into account in a practical case: the effect of stay attachments, base insulator,' 
lead— in, and, if a conventional mast rather than a cylindrical aerial is used, that 
of the non-circular cross— section and the lattice construction. These difficulties 
make the use of the more refined theoretical methods of doubtful value for accurate 
calculation of the base impedance; moreover, in a practical case an approximate 
estimate of the impedance is usually sufficient, because it is inexpensive to provide 
an aerial coupling network catering for a range- of impedance. 

An approximate equivalent circuit sufficient for most practical needs is 
shown in Fig. 2,16. The aerial, ■ of height h and radius a, is regarded as a trans- 
mission line of constant characteristic impedance, Z Q , and of electrical length h/v, 
the velocity factor v depends on the characteristic impedance, a typical value for 
a mast radiator being 0-9.. The transmission line is terminated 0- 25 A. from the 
open-circuited end in a resistance S L , the loop radiation resistance for ah aerial 
having a velocity factor v, calculated as described in Section 2.2.3. The capacitance 
across the base insulator and the effect of the lead-in depends on the mechanical 
arrangement and must be assessed separately. S is a series resistance to take 
account of local ground loss; its value depends on the height of the aerial and the 
form of the earth system. For a high aerial with an extensive earth system E is 
small compared with the radiation resistance referred to the base; on the other hand, 
for a low aerial S is large compared with the radiation resistance. A low— or 
medium— frequency receiving aerial, for instance, is usually a small fraction of a 
wavelength high; the equivalent circuit is then a small capacitance which is propor- 
tional to the height of the aerial, in series with a resistance determined entirely 
by the loss in the ground. It is usual in carrying out laboratory measurements on 
receivers to connect in series with the generator a "dummy" aerial, i.e. a network - 
simulating an agreed "standard" receiving— aerial Impedance. 
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A formula for the characteristic impedance 
a cylindrical aerial whose height is large 



compared with the radius is derived in Section 2»2. 5, 
Equation (2. IS); it is based on the result derived 
by Howe 8 for the electrostatic capacitance per unit 
length. At the quarter-wave resonance frequency the 
impedance is resistive and approximately equal to 
36 ohms; at the half-wave resonance frequency the 
impedance is resistive and approximately equal to 
Zq/IQO ohms. The higher the value of S the more 
rapidly does the impedance change with frequency. 
One advantage of increasing the lateral dimensions of 
the aerial (and so reducing i? } is to increase the 
bandwidth, i.e. the frequency range corresponding to 
a specified impedance ratio. Another advantage is 
that the base voltage in the vicinity of half-wave 
resonance is reduced. For one or other of these 
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Fig. 2.16 - Approximate equiva- 
lent circuit of base-fed aerial 
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Fig, 2.17 - impedance/frequency characteristics of base-fed aerials 
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reasons aerials of large diameter are sometimes simulated by using a number of wires 
in the form of a cage. 

The measured impedance/frequency characteristics of two aerials are shown in 
Fig-, 2.17; one is for a thin wire (much thinner than would he used in practice), and 
the other is for a mast radiator, 

£.2. 5. The Characteristic Impedance of a Vertical Cylindrical .Aerial 
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Fig, 2. !8 



The aerial (Fig. 2-18) is considered to he divided 
up into a large number of isolated elements, length 82, placed 
end to- end. Each element is given unit positive charge per 
unit length; correspondingly, the image carries unit negative 
charge per unit length. The potential at any point on the 
surface of the cylinder is calculated by assuming the charge is 
distributed along a thin filament on the axis of the aerial; 
this assumption is justified later. The potential of a typical 
element at Z, height zq, due to another element length Bz } 
height z, is given by 



SF = 



4 7i£ \?{(z -z) 2j r a.) 



where a is the radius of the aerial. 



The potential at 2 due to the complete aerial together 
with its image, f , is given by 



4 77 e, 



o 





/ 



&2 



■/{(Z0-2)*+a & } 



zo 



2 sinh- 1 — + sinh 
4 7T£ t a 



ds 



/{■ 



1 2 2\ 

zq- z) + a } 



_ ± (li -Zq) _ _ t (ft + Zq) \ 



' — sinh 



/ 



Az 



/{■ 



zo- z) + 



a 2 } 



This expression does not vary with Zq by more than a factor of 2 except for points 
very near the top and the base. It is therefore permissible to average its value 
over the range z = -* h in order to derive the potential of the complete aerial 
when the isolated elements are connected together, 7. We obtain 
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If h/a»l this becomes 
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The average capacity of the aerial per unit length is therefore 

ZTT£ 




By analogy with a uniform transmission line we write the characteristic impedance, 
£ , as 

E = 60 { log| - | - 1 ) (2. IS) 



The expression for the potential of the complete aerial has heen calculated assuming 
that the charge is distributed along the axis, rather than on the surface of the 
aerial. Since the result involves the radius only in the term —log a it follows from 
the footnote on p. 25 that this procedure is valid. 
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A different value for Z Q has been 
proposed by Schelkunoff , based on the equivalent 
"biconical transmission line (Fig. 2.19(a)). The 
characteristic impedance of an infinitely— long 
single cone above perfectly— conducting ground is 
given by 7 

t 
S 

where \p is the semi— angle of the cone. 

If the cylindrical aerial is divided 
into short elements (Fig. 2.19(b)/ each can be 
regarded as approximating to the frustum of a cone. 
The semi-angle for an element at a height z is 
tan" 
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1 a/zy for z»a the characteristic impedance 
of the element is therefore 60 log 2z/a 

h 

1 
Z = 60 



ft 

If 2z 

- log — 
h J a 



The average value for the whole aerial is 



\z - 60 { log 



This value differs from that in Equation (2.12) because the increase in the capaci- 
tance of the elements near the top of the aerial (on account of its abrupt termination) 
is neglected. This method consequently gives a higher value of Z Q , although the 
difference is not large provided h/a > 100; that given by Equation (2.12) is in 
better agreement with measured results. 



The value of Z for an aerial of non— circular cross section can be derived 
by regarding it as the central conductor of a transmission linej the equivalent 
cylinder is that having the same capacitance per unit length. The diameter of the 
outer is immaterial provided the spacing to the inner is appreciably greater than 
the largest lateral dimension of the inner. 
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2.3. Radiation Coupling Between Spaced Aerials 
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fig. 2. 20 - Equ ivalent circuit of coupled aerials 




2.3.1. Definition of Mutual Impedance Between Aerials 

Hie radiation coupling between spaced aerials can be expressed in terms of a 
parameter we will call the mutual impedance. Referring to Pig, 2.20, let the voltage 
and current at the input terminals of aerial 1 be 7 1 and Ii respectively; in the 
absence of aerial 2 the ratio of 7± to Jj is the self impedance of aerial 1, Z llt 
Similarly, for aerial 2 the corresponding quantities are F 2 , I ? and i?2 2 . We will 
define the mutual impedance between aerial 1 and aerial 2 as minus the voltage induced 
at the open-circuited terminals of aerial Z when unit current flows in aerial 1; 
correspondingly, let E 2 ± be minus the voltage induced at the open-circuited terminals 
of aerial 1 when unit current flows in aerial g. From the reciprocity theorem it 
follows that Z 12 = i?2i- The equivalent circuit is shown in Fig. 2.20,* and it 
follows that 

7 ± - Zuli+Zisla (2.13) 



— & o nl o "i" 



(2.14] 



We can define # 12 with reference to any two pairs of terminals, one pair on 
each aerial, but its value depends on the terminals chosen. It is most convenient 
to take these as being at the positions of the loop currents for the transmitting 
condition, and we will deal only with this case; the mutual impedance is then 
described as being "referred to the loop currents' 1 . 

The effective impedances of aerials 1 and 2 are respectively 



*i = 



I± 



+ Z* 



(8.15) 






(2,16) 



In Fig. 2. 20, Z±\ Is strictly the input impedance with the output terminals open-circuited, 
and Z 22 ia the output impedance with the input terminals open-circuited. However, re 

assume cere that when one aerial is op en- c i rcu i t ed at the reference terminals it has a. 
negligible effect on the impedance of the other. 



33 



The corresponding powers supplied to aerials 1 and 2 are respectively 

P, = It Re . I Z„ + Z,o — 



(2.17) 



? 2 = l| Re 



,+ Z, 



(2.18) 



If aerial 2 is parasitic, i.e. energised only by radiation coupling from aerial 1, the 
ratio of the currents is found by putting F 2 = in Equation (2.14) 



-1 



1 is 

'22 



(2.19) 



This ratio can be controlled by changing Z 2£ ; it is maximum when if 2 2 is minimum, i.e. 
when the parasitic aerial is tuned for zero reactance. From Equations (2.15) and 
(2.19) the effective impedance of aerial 1 when aerial 2 is parasitic is 



= £i 



i 12 



(2.20) 



It is evident that the mutual impedance concept is of great use in calculations on 
coupled aerials. 

We will first derive a theoretical formula for i?i 2 > &D&- "then show how to use 
the result in practical cases. 

2.3.2. Calculation of Mutual Impedance 




EOUtVALENT CISCUiT 
OP AERIAL 2 



In Fig. 2.21 the two 
aerials are shown as being over a 
ground plane, but this is merely by 
way of example; the method described 
is of quite general application. 
The z— axis is chosen to be parallel 
to aerial 2, and Z is a point an the 
position eventually to be taken up 
by this aerial. Let aerial 1 carry 
unity loop current and give rise to 
an electric force E z at Z, in the 
absence of aerial 2. If we regard 
aerial 2 as broken Into short 
isolated elements of length hz, its 

introduction does not affect S ; the voltage between the ends of adjacent elements 
will therefore be S hz- When the elements are joined together the resultant current 
will be the same as If aero— impedance generators of voltage S 2 &z spaced Sz apart were 
inserted in series along the length of aerial 2, as shown in the equivalent circuit 
in Pig. 2.21. 

Let a single generator of voltage S^z at the loop of aerial 2 cause a loop 
current B^oz/Z^^ to. flow, where Z 22 Is "the self impedance of aerial 2; the current 
at the point Z is S z sin if3h ~ z) Sz/Z 2 2 (the current distribution on aerial 2, when 



Fig. 



2.21 - Calculation of mutual impedance 
between spaced aerials 
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transmitting, is assumed to be sinusoidal). Applying the reciprocity theorem, a 
generator of voltage § 2 Sz at the point Z causes a current E z sin(/3 h - z }Bz/Z i2 to 
flow at the loop, when the terminals are short circuited. The total loop current 
is therefore 



1 
% 11 



sin(/3 h — z)dz 



It follows that the voltage at the loop when the terminals are open-eircuited is 

h 
S z sin{/Sft - z}dz 



and that 



E sin(/3/j- z)&z 



(2. SI) 



2.3.3, The Mutual Impedance Between Similar Parallel Aerials 




Consider the two similar 
vertical aerials shown in Fig. 2.22, 
spaced a distance d apart over perfectly- 
conducting ground. If the loop current 
in aerial 1 is unity, S , the vertical 
component of electric force at the point 
2 In the absence of aerial 2, is given by 
Equation (2.6). 
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Fig. 2.22- Calculation of mutual impedance where r 0i r±, r 2 are defined In Fig. 2.22. 
between similar vertical aerials From Equation (2.21) we have 



, , e-J/3 r o g-J/ 3r i e -^ r 2 ) 

Z 12 = -J30 j \ Zoos(/3h} \s±n.({3h-z)d,z (2.22} 

*o fi r £ j 



This integral is evaluated in Section 7.2; the result Is 
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Z 12 = 15[z{l + 2 cos 2 (/3h)}Ei{-j /3d} 



-{4cos 2 C/3ft) + j 2 sin(2 f3h )}s i{-j/3('/h 2 + d' 2 + h )} - 

-Ucos 2 (/3ft) - j SsiiifS^/iJ^H-iySc/? 2 ! 7 ^ 5 -^)}^ 



+ {cos(2/3y + jsin(2/3M}«{-j/V4^^ 2 + d 2 + 2?^)}-i- 
Mcos(2/3M-jsin(2/3U}iH{-j/3(/4^ : ^F-27s)}] 



(2.23) 



where Si(-jx) = Ci(x) - j #j(x). If instead of aerials over a ground plan-s (as in 
Figo 2.22) we had considered centre-fed aerials in free space, Equation (3.23) gives 
minus the voltage induced at each loop of aerial 2, 



For the special case of 0* 25 k aerials over perfectly-conducting ground we 



obtain 



2 12 = 15 2Ei{-j fid} 



- +a 2 + - 

2 / 2 



Si { -j/3 



\ e 



A. 



- + a< — 



(2.24) 



This expression when multiplied by 2 is also the mutual impedance between 
parallel 0«5\ aerials d apart, in free space, * 12 for this case is shorn graphically 
in Pig. 2.23 and values are listed in Table 2 (p. 36). 




7d,X 



Fig, 2=23 - Mutual impedance, Z X2 {= S 12 + jl 12 ), between parallel O^b^aerials in 
free space, distance d apart, referred to the loop currents 

As d -» 3 ^i 2 - #i:u we cai1 therefore use Equation (2,23) to derive 2n for 
an aerial of small hut finite radius. But in so doing the limit must be carefully 
examined, as in calculating Z 12 we have assumed that the currents flow along thin 
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filaments at the axes of the aerials; we must instead treat each aerial as if it 
consisted of a large number of filaments spaced round the periphery. 



T1BLS 2 

Mutual Impedance, Z 12 (= #12+ j^i2)j Between Parallel 0°5A-Aerials in 
Free Space, Distance d Apart Referred to Loop Currents 
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It is shown in Section 7,2 that 5 when d -> ~Re,Z 12 is independent of d, so 
this term presents no difficulty, and also that Im»^ 12 contains d only in the form 
log d; it follows from the footnote on p. 25 that Isi = E ± i is Im<,£ 12 for two filaments 
spaced a distance apart equal to the radius of the aerial. Consequently, the self 
impedance of a cylindrical aerial of radius a is equal to the mutual impedance 
between two filaments spaced a apart. 

It follows from Section 7„£ 3 Equation (7„8} s that for a 0°25A aerial over 
perfectly-conducting' ground Ii.^u is 15 Si [2tt] or 21«3 ohmSj while for a 0° 5 A aerial 
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it is 15{4 Si (2tt) - Si (4TT)} or 62°7 ohms, both values 'being independent of the radius 
of the aerial. In both cases the loop reactance is positive, and this suggests that 
the electrical length' of the aerial is slightly greater than its physical length; in 
other words, the apparent velocity of propagation is less than that of light. More- 
over, for a given loop reactance the lower the characteristic impedance of the aerial 
the lower would we expect the apparent velocity of propagation to be. This is a 
tempting conclusion to draw from the theory, as it is consistent with practical 
experience. However, Section 7.2, Equation (7.8) shows also that lm*Z±± varies 
over wide limits (both positive and negative) at values of h other than O25A. and 
0° 5A-. It is therefore dangerous to interpret Im.^n as giving a reliable indication 
of the electrical length of the aerial. 

The method we have described for calculating the mutual impedance between 
parallel aerials may be applied to other arrangements. Pistolkors 9 has given 
results for the mutual impedance between collinear and staggered 0° 5 A\ aerials in 
free space. 



2.3.4. Examples of Calculations on Coupled Aerials 

Examp 1 e 1 

Two 0" 25 A. aerials spaced 0° 375 A. apart on perfectly-conducting ground carry 
currents of equal amplitude but differing in phase by 45°. If the total input power 
is 100 kW, how is it divided between the two aerials? How does the field strength in 
different horizontal directions compare with that for a single 0-25 A. aerial radiating 
the same total power? 



CURRENT _^_ 
AERIAL 1 9 0-67/6° 



0-375X 



Fig, 2. 2t - Horizontal radiation pattern 
of two 0" 25 A- aer i a] s over perfectly- 
conducting ground, spaced 0-375A.; the 
currents are equal in amplitude and 
differ in phase by $b° , The circle j 

shows the field strength to the same 4ERIAL ^lo-triAi 
scale for a single 0-25A.aerta! radi- 
ating the same power 




Interpolating and halving the values of £ 12 in Table 2, p. 36 {since we 
are dealing with 0*25A. aerials over perfectly— conducting ground) 

Z 1± = 36»6 + iSl=3 

Z l2 = 5°9-ji8'7 



For aerial 1, 



I, 



^11 + ^12 — = 36-6 + jSl'3-i- f5'9-j'18*73 (0*71 + j'0'71) = 54"0 + jlS-3 



The ajainl £- Is used to designate the phase angle of a complex slttsEtity. 
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For aerial 2, 



- '22 

I I 

J. 2 J. 



1 . 

+ Z ti — = 36-.6 + jZl'3 + (5-9- jl8-7) (0-71- j'0-71) = 27-6-f-j3°9 



The power supplied to aerial 1 is therefore 

54*0 



54«0-t-27°6 



100-kW i.e. 66 kW, 



and the power supplied to aerial 3 is 34 kW„ The total radiation resistance is 
(54*0 + £7°6) ohms, I.e. 81°6 ohms. The current in each aerial is therefore 

/ 36- 6 
V 81- 6 

or 0-67 times the current in a single aerial radiating the same power. 

Taking the field strength for a single aerial radiating 100 kW as unity, the 
field strength for the two— element system is found by the vector addition of the 
contributions from the two aerials: 

E, = 1°34 cos7T(3cos ^ -l)/8 

where d> is the ~b earing of- the point considered, relative to the line joining the two 
aerials. This expression Is plotted in Fig. £U 34; the circle represents the field 
strength for a single O'ZBk aerial radiating the same power. In the directions of 
the maxima the field strength due to the directional aerial system is greater than 
that for the single aerial In the ratio l«34:i<> 



'.e 2 



Two parallel 0*o\ aerials are spaced 0*25^ in free space; one is driven and 
the other is parasitic. How will the horizontal radiation pattern change as the 
parasitic aerial is tuned? 



Fig. 2„25 - Horizontal radiation pattern 
of two parallel 0-5.V aerials spaced 
0-25^; one is a parasite tuned for zero 
1 cop-reactance- The circle shows the 
field strength to the same scale for a 
single 0-5.V aerial radiating the same 
power 



DRIVEN _ CURRENT 

AERIAL J I-O9/0 



PARASITE ^ 0-74 /}4S' 




Let the loop currents in aerials 1 and 3 be Jj and J 2 respectively. 
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From Table 2, p. 36, £3.2= (40*8 -j2S- 4) 

Let ^22 = 73*1(1 + j tan<£), 

where j73'ltan^> is the sum of the self reactance of aerial 2 and any added series 
reactance. From Equation (2.19) 

J 2 (40-8-j28*4) , , , 

— = - = 0" 68 eos <£il45 ~JD 

Jj 73*1(1 + j tan6) 

The ratio Jj/Ij is maximum when c£ = 0, i.e. when the aerial is tuned, and is then 
6 8/l45° . For this case, from Equation (2.20} the impedance of aerial 1 is given by 

(40*8- j28*4) 2 

Z. ~ 73-1+ J42-5 =61*4+174*0 

1 73*1 

The loop current flowing in aerial 1, as a ratio of the current flowing in a single 
0*5 ^aerial radiating the same power, is therefore 




The horizontal radiation pattern can. now be calculated as the sum of the contributions 
from two aerials,, the driven aerial carrying a current 1-Q 9/Q , and the parasitic 
aerial Q*74/l45 Q . The resulting pattern is shown in Pig. 2. 85, the circle corres- 
ponding to a single 0*5 A- aerial radiating the same power; the ratio of field strength 
in the forward direction to that for a single aerial is 1*7. The horizontal radiation 
patterns for different values of tuning reactance can be calculated in a similar 
manner by giving 96 the appropriate values. The results for two values of aerial 
spacing (0°l?vand 0-25^ ) are shown in Fig. 2.26. 

It will be seen that the horizontal radiation pattern changes rapidly in 
shape as the tuning of the parasite is changed, particularly for the smaller spacing. 
Since a change of frequency causes a change in <£, another way of expressing this 
result is to say that the bandwidth of the system decreases with the spacing between 
the two aerials. When maximum radiation is in the direction of the driven aerial the 
parasite is called a reflector; when in the opposite direction the parasite is called 
a director. 

We have assumed so far that the aerial system is adjusted to give the 
required directional radiation pattern by changing a series reactance inserted at the 
centre of the parasite; in practice it is more usual to change the length of the 
Parasite. However, since the difference in length is usually a small fraction of the 
wavelength this does not affect the foregoing theory appreciably. 

2-3,5. Receiving Aerials 

The equivalent circuit of a receiving aerial is shown in Fig. 1.2(b). A 
method of calculating the base impedance (z a in Fig. 1.2(b)) is given in Section 2.2.4. 
We must also be able to calculate the open-circuit voltage (v in Fig. 1.2(b)) induced 
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4>- -45° 



■22- S" ^sO° ,£=+22.5° 

AERIAL SPACING OfX 



£= +45° 




AERrAL SPACING 0-25X 



i-23-S" 



$= *-45° 



Fig, 2.26 - Horizontal radiation patterns for two parallel 0°5^aerials in ifree space; 

one aerial is a parasite; the phase angle of the self impedance being 0. 

The circle shows the field strength to the same scale for a single 0° 5 A. aerial 

radiating the same power 

by the incident wave. We could do so "by considering the radiation coupling between 
the transmitting and receiving' aerials, using the mutual impedance concept developed 
in Section 3.3. However > this would involve a complete knowledge of the propagation 
path between the two aerials. A different approach is therefore more convenient, 
bearing in mind that the receiving aerial is so weakly coupled to the transmitting 
aerial that the latter is not significantly affected by the former. 

The field strength at the receiving aerial can be measured, or in idealised 
cases it may be calculated; knowing the incident field strength the voltage induced 
in the receiving aerial can also be calculated. If, for instance, the aerial is a 
simple vertical wire or mast of height h with the ground as one terminal, and the 
component of electric force in the incident wave in the direction of the aerial at a 
point height z is S z , it follows from Section 2.3.2. that 

k 



7 ~ 



sin(/3 h 



n/ 



S z sin(/3h-z)dz 



(Z. 25) 



If B i is constant in amplitude and phase over the length of the aerial (say E) , as it 
would be for a plane wave arriving from a direction normal to the axis of the aerial, 
Equation (£.25] becomes 

Bll-casfih} 



{3 sin /5k 
If h « A., as is usual for low— and mediumr-frequency receiving aerials 



(2.26) 



v - s 



In other words, the Length by which the field strength must- be multiplied -to give the 
open-circuit voltage (usually called the "effective length") is h/Z. If the aerial 
has a capacitance top sufficiently large to make the current in the vertical portion 
(when transmitting) approximately constant, the effective length is then ft. 

If the receiving aerial is a centre-fed O5\dipole, Equation (2. 36) becomes 

A. 



7 = E 



TT 



and the effective length is therefore hjir. The maximum power is abstracted from the 
aerial when it is connected to a matched load.. For a 5A.dipole having a loop 
radiation resistance R^, the maximum power available is therefore 

R L \ STT f 

in other words, the area by which the power density in the incident wave must he 
multiplied to give the maximum output power is 30k /ttR,, and this is sometimes 
described as the "absorbing area". For a G»5A.dipole in free space, for instance, 
R, — 73 ohms and the absorbing area is 0-13A. . The corresponding result for a tuned 
doublet can be found using the value of the radiation resistance given by Equation 
(2.9). The absorbing area is O 12 A. 2 , i.e. only slightly less than that of aO°5A. 
dipole. It should however be remembered that it is impracticable to realise this 
high value, because of the low radiation resistance of the doublet, and the conse- 
quently prohibitive losses in the doublet and tuning coil. 



We have so far stressed the reciprocal properties of an aerial used for 
transmission or reception, insofar as the radiation pattern and impedance are con- 
cerned. The aerial current, on the other hand, may be very different in the two 
conditions. When immersed in a plane— wave of electric force E, arriving from a 
direction normal to the axis of the aerial, the equivalent circuit approximates to a 
transmission line in which there are inserted series generators of voltage Shz spaced 
iz apart. 



Fig. 2.27 - Equivalent circuit of element 

of receiving aerial e 



C<5z 



e+de 



o o- 



The differential equations satisfied by the element of the transmission, line 
shown in Fig. 2.27 are , 

■■■■■■■ Be = 

bT 



- -j 03 Oe 
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where L and are the equivalent inductance and capacitance per unit length; 



is the characteristic impedance of the aerial. We therefore have 



— + /3H = -i/3 7 



The general solution is 



+ A sin (Bz) + B cos (8 z) 

fro 



where i and 3 are constants depending on the boundary conditions. For a vertical 
aerial of height h, open-circuited at the base 






COS { S\ 2 



— cos</3 



cos{/3 — 



h =0-25X 



h = 0-50A 



h=* 



h = l-2SJ. 



This is a "raised cosine" 
distribution; some cases are illustra- 
ted in Fig. 2.28, normalised to have the 
same maximum current. 

\ The current for other termina- 

. tions can he derived in a similar manner. 
i If, for instance, the aerial is earthed 

/ at the base the current is like that in 
the upper half of an open-circuited 
aerial of twice the length. In general 
the current distribution depends not 
only on the terminating reactance but 
also on the angle' of arrival of the 
incident wave. 



Fig„ 2.28 - Approximate current distribu- 
tion on open-circuited receiving aerial 
immersed in a p!ane-wave field 



In the above analysis we have 
considerably simplified the picture by 
disregarding the effect of re— radiation, 
merely to draw attention to the difference between the transmitting and receiving 
conditions. If the receiving aerial is terminated in a reactance the whole of the 
received power is re— radiated, and this limits the maximum current in the resonance 
condition. 
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3. HIGH-FREaUMCY" AERIALS 

3.1. General Considerations 

The high-frequency band (3-30 Kc/s) is used mainly for communication 
systems depending on reflection of the propagated signal from the ionosphere. The 
lower frequencies are used for ranges up to about 4000 km, which involve a single 
reflection for single hop); the higher frequencies are used for multi-hop circuits 
and give world-wide communication. Because of the high attenuation over such long 
paths, and the' consequent degradation of the service by noise and other forms of 
interference, it is essential to concentrate the power available into a narrow beam 
projected in the direction of the area to he served. 

For a broadcasting service the angular spread of the beam is determined by 
the size and location of this area, A near-by country, for instance, may require 
a beam covering a wide range of azimuthal and zenithal angles, projected at a large 
angle to the horizontal. On the other hand, a distant country generally requires a 
relatively narrow beam projected at a small angle to the horizontal. 

For a point-to-point service, ideally the spread of the beam is determined 
only by the uncertainty regarding the ionospheric path. The ionosphere sometimes 
causes a lateral deviation of the beam; the variations in the height of the reflec- 
ting layer and the diffuse nature of the reflection also make it difficult to calcu- 
late the optimum projection angle precisely. Moreover, it is not always practicable 
to use a beam as sharp as theoretically desirable if this demands an unduly complica- 
ted aerial. Consequently the same types of aerials are often used both for broad- 
casting and for point— to— point circuits. 

A directional aerial is achieved by using a number of radiating elements and 
energising them in such a way that the individual contributions reinforce each other 
in the desired directions, but substantially cancel in those directions in which no 
radiation is required; such an arrangement is often called an array. The degree of 
directivity is defined by comparing the array with a convenient reference aerial, and 
that usually adopted for the high—frequency band is the 0-5/^dipole in free space. 
The gain, Q, is defined as 



Power supplied to 0»5^dipole in free space giving 
'. maximum field strength 

Power supplied to array 



the same maximum field strength as array 
q {3.1 J 



6 can be found by considering the array and a 0«5^vdipole in free space giving the 
same maximum field strength, and then integrating (either mathematically or graphi- 
cally) to find the ratio of the radiated powers. From Equation (2.10) the product of 
maximum field strength and distance divided by the square root of the power 

Sr 
7F 

is 9' 9 for a 0°25^- aerial over perfectly-conducting ground; for a 0° &A. aerial in 
free space 
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Sr 

9-9 
is therefore —, — 

/s 

i.e. 7°0. It follows that, for the array 

Sr 

— = 7-Ov/ff (3.2) 

i/P 

It is theoretically possible to obtain unlimited gain from an aerial system 
having overall dimensions as small as we please*.* But the radiation resistance is 
then so low as to make such an arrangement quite impracticable; the currents In the 
elements would be excessive and the losses consequently prohibitive. In practice, 
therefore, a high gain necessarily means an extensive aerial, "but there are many ways 
of arranging radiating elements to give a required radiation pattern. In some cases 
it may be necessary to compromise between the complexity of the aerial system and its 
performance; this may involve not only considerations of technical performance but 
also those relating to mechanical design, the area of land required, the cost, and 
other factors. There is therefore no "best" aerial for any application; the 
advantages and disadvantages of possible ways of meeting the requirements must be 
studied in relation to the particular ease. 

At the high frequencies under consideration the surface wave suffers rapid 
attenuation with, distance; although this component may be used for communication over 
very short ranges, for the mere important long-range services with which we are 
concerned here only the space wave is important. lhe effective field strength is 
therefore found by the vector addition of the direct wave and the ground-reflected 
wave; the latter is equal to the direct wave multiplied by the reflection coefficient 
of the ground for a plane wave of the appropriate polarisation, and delayed in time 
corresponding to the path difference between two components. The reflection coeffi- 
cient is shown in Fig. 3.1 for two frequencies corresponding to the extremes of the 
band used for long-range communication. At normal incidence (8 - 0°) there is of 
course no difference between horizontal and vertical polarisation; the difference In 
the sign of p h and p v at normal incidence arises from the definitions of these 
coefficients, which are illustrated In Fig. 3.1. 

Looking first at the curves for horizontal polarisation, we see that over 
the whole of the frequency band the reflection coefficient is not very different from 
-1; particularly is this true for angles between 70° and 90° from the vertical, 
which are very important for long-range communication. In other words, for horizon- 
tally-polarised waves the ground behaves virtually as if perfectly-conducting. On 
the other hand, for vertically-polarised waves the reflection coefficient is substan- 
tially less than unity for angles between 70° and 90° from the vertical, except near 
grazing incidence. Generally speaking, although the radiated polarisation depends on 
the direction from the array, it is substantially the same in all directions corres- 
ponding to the main beam „ We can therefore think of an array comprising horizontal 

An example Is given on p. 12 of "Aerials for Hetre and Decimetre W ay el eigth s ' , B. A. Saith, 
£ am bridge University Press* 
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•elements as radiating predominantly horizontally— polarised waves in the direction of 
tie main beam, and correspondingly for arrays of vertical elements. It follows that 
the array of horizontal elements will have a higher gain than the corresponding 
array of vertical elements, the difference being accounted for by loss in the ground; 
at the angle at which \p I is minimum (corresponding to the Brewster angle in optics) 
this difference is about 4 dB. Arrays of horizontal elements are therefore pre- 
ferred for high-frequency services, and only this type will be considered. In cal- 
culating their performance it will be assumed that the ground is perfectly-conducting. 
The effect of imperfectly-conducting ground can be taken into account using the in- 
formation contained in Fig- 3.1, but this does not affect the results appreciably. 
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Fig, 3.1 - Reflection coef f i cient of ground, p- \p\/4>-* <j = 10" 2 mhos/m, e r = 10 

The symbol £— is used to designate the phase angle of a complex quantity* 



Transmitting arrays are usually fed from 'balanced lines, to which they are 
matched in order to reduce both the maximum voltage across, and the losses in, the 
line. Matching is achieved by connecting' a length of transmission line in parallel 
at an appropriate point, or by altering the characteristic impedance of a section of 
the line. 

Receiving arrays can be connected in a similar manner, but the more usual 
arrangement is through an iffipedanee-matching circuit or transformer to a co-axial 
line'. This reduces the possibility of pick-up of local interference, which is 
important in the case of a receiving aerial. 



3.2. The Curtain Array 

In this type of array horizontal radiating elements are arranged in the form 
of a vertical curtain which is suspended from guys between the supporting masts. 
The elements carry equal co-phased currents, so that their contributions reinforce 
each other in the two directions normal to the curtain; by adding a reflecting 
curtain the array is made to produce a single beam. 

— ^ typical curtain is shown in 

O-SA S'ig- 3.2; it consists of four tiers 
I spaced O 5X. apart, each tier comprising 
four collinear 0° 5/V elements placed end 
to ead. The transmission line is trans- 
posed between tiers, so that the voltages 
applied to each O 5\. + O 5A. dipole are of 
the same amplitude and phase. Now 

the ratio of the voltage on a trans- 
mission line to the current at a point 
0° 35/V away is independent of the tei — 
m in at in g impedance; and since we can 

regard each aerial element as approxima— 
ting to a transmission line, it follows 
that the loop currents will be of the 
same amplitude and phase, independent of 
the radiation resistances of individual elements. The arrangement of Pig. 3.2 
therefore automatically achieves the required equality of currents in the elements. 



MEAN 

HEIGHT 
OF ARSAY 




Fig 3.2- Typical curtain array 



By way of example we will calculate the radiation pattern of the array 
shown in Pig. 3.2, using the co-ordinate system of Pig. 3.3(a). The collinear 
dipoles lie along the y— axis and the tiers are stacked vertically along the z— axis. 

At the point P, co-ordinates (r, 6, <$} , the field strength due to each 
O5A. element in free space is found by putting k = 0-35-^in Iquation (2.1). We have 



601, 



^ 



TT 



COSljj 



where I L is the loop current and \[j is the angle between OP and OR; this contribution 
is in phase with that for a doublet carrying a co— phasal current placed at the centre 
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Fig» 3.3 - Co-ordinates of P 

of the 0° 5 A. element. For two such 0- 5 k elements placed end to end as in Fig. 3.3(b), 
relative to a source at the mid-point the contribution from one element leads and the 
other lags by a path difference O*25A.cos0, i.e. by a phase angle 



50; 



the field strength is therefore 



3 E^ cos - cos , 



the phase reference now being the raid-point of the two elements, 
field strength due to four collinear elements is 



Similarly the 



E\ = 2 E^ } cos | - cos ijj j + cos I cos 



Proceeding in a similar manner, for two such tiers carrying co-phasal 
currents spaced 0"5X apart as in Fig. 3.3(c), the field strength is 



£ E\ cos I — cos i 



For four such tiers 



e"= 2E. 
4j 4, 



cos i — COS i 

2 



377 
+ COS I COS ! 

£ 



Finally, we must take into account the effect of the ground; for horizontal 
polarisation this may be taken as perfectly conducting, and therefore equivalent to 
an image aerial carrying equal currents of opposite sign. If the mean height of the 
array above ground level is h, the effect of this image is to modify the radiation 
pattern by a factor 2 sin (/3 ft cos 6) . The complete radiation pattern is therefore 
given by combining the results given above; we obtain 
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8, a = ~ 7 cos I " oos 4> I eos i ~~ cos ) + cos cos di 

*> v rsin<p \2 / j \ 2 / \ 2 



cos [ - eos 8 I + cos [ cos 8 J \ sinfySft. eos 5) {3.3] 

In passing it should be noted that the result is expressed as the product 
of two independent functions, one of ip and the other of 8 = Calculations of this 
kind can be greatly simplified, as in' this case, by choosing the most suitable 
variables. 

Inspection of Equation (3.3) shows that the effect of the in-line arrange- 
ment of elements is to narrow the radiation pattern in the \jj plane; this particular 
array, for instance, has zeros at ±30° to the normal to the elements. The number of 
tiers affects the sharpness of the beam in the 6 plane and also the magnitude of the 
subsidiary higher-angle lobes; but if there are more than two tiers the term invol- 
ving h largely determines both the projection angle and width of the main lobe in the 
8 plane. If, for instance, the lowest tier of the array shown in Fig, 3.2 is A. above 
ground level, h is then 1'75-V, and the last term in Equation (3.3) is maximum when 
8 = 82-5°. In the 8 plane the main lobe is therefore substantially sinusoidal in 
shape, with a maximum at 7»5° and zeros at 0° and 17° to the horizontal. Similarly, 
if the lowest tier were 2^ above ground level the maximum would be at 5° and the 
zeros at 0° and 10° to the horizontal. 

In visualising the radiation pattern it is convenient to imagine the array 
as being at the centre of a sphere, on the surface of which points of equal field 
strength are joined ij "contour" lines. For this purpose Equation (3.3) is expressed 
in terms of the latitude and longitude of P, rather than in terms of 8 and \p; the 
latitude is the complement of 8 and the longitude^) is found by solving the spherical 
triangle PQR In Fig. 3.3(a) giving 

cos0 = sinc^sin^ (3.4) 

For plotting purposes the onion-shaped chart shown in Fig. 3.4 can be used. 
The length of the lines of latitude are proportional to the sine of the latitude; as 
a result, areas on this chart are equal to the corresponding areas on the surface of 
the sphere . 

If the contours are designated according to power flow rather than field 
strength, the gain of the array can be derived graphically In a very simple manner. 
Tke contours are first normalised with respect to a maximum of say 100 units; the 
area between adjacent contours is then measured by means of a planimeter and multi- 
plied by the average of the two extreme values of power flow, the contributions from 
all parts of the chart being added. A similar graphical Integration is then carried 
out for the reference aerial, and the ratio of the two totals gives the gain of the 
array. For instance, the gain of the array whose radiation pattern is shown in 
Fig. 3.4 Is 49, or 16=9 dB From Equation (3.2) Sr/Vp in the direction of maximum 
radiation is therefore 49. 
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The corresponding pattern for a single 0»5A- aerial 0-5A. above ground level 
is shown in Fig. 3.5. The power gain in this case is 4* 34 or 6" 3 dB; Er/v'P is 
therefore 14.4. Note that the reference aerial is a hypothetical standard, since 
radiation into free space is specified; the benefit from using an array, rather 
than a single 0*5 A. aerial having maximum radiation at the same projection angle, 
is less than the gain as defined by approximately 6 dB» 
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The gain lias so far teen calculated using the Poynting-vector method.* 
An alternative method is to use the mutual impedance concept dealt with in. Section 
2.3, this being equivalent to calculating the gain by the induced— EMP method.* 



See Section 2. 1. 2. 



51 



For example, in the case of the 0-5A. aerial O 5 A. above ground level the effect of 
the perfectly-conducting ground is equivalent to that of a parallel 0*5 A. aerial, 
spaced A, carrying an equal current of opposite sign. Using Table 2, page 36, 
we find that the radiation resistance is 69*1 ohms. For the same loop current, 
the power in the reference aerial is therefore greater in the ratio 73- 1/69" 1, or 
1-06; the maximum field strength for the aerial 5A above ground level is double 
that for the reference aerial carrying the same current, since in this direction 
the direct and reflected waves add in phase. The gain is therefore 4 x 1»06, or 
4*24. The gain of the more complicated arrays, for instance that shown in Pig, 3.2 
can "be calculated in a similar 'manner. A limited range of mutual resistance values 
suitable for such calculations has been published. 

The ability independently to control the horizontal beam width by the 
number of elements in each tier, and the vertical beam width and projection angle 
by the number of tiers and height above ground level, makes the curtain array particu- 
larly suitable in the planning of overseas broadcasting services. 

The method we have used for deriving the radiation pattern can be applied 
to any form of curtain aerial. If there is an odd number of elements in each 
tier (or an - odd number of tiers) the contribution from the central element (or tier) 
is considered first, the contributions from the adjacent elements (or tiers] added, 
and so on. 

Single curtains are bi-directional; they radiate a beam in the direction 
of each of the two normals, whereas the usual requirement at any one time is a single 
beam. The power that would otherwise be wasted can be saved by providing a similar 
curtain of 0- 5 A. elements spaced 0-S5Abehiiid the main curtain, as shown in Fig. 3,5. 
The additional curtain is tuned to act as a parasitic reflector by adjusting the 
position of a short circuit on the feeding line to which the generator would normally 
be connected. For typical multi— element arrays it is thus possible to reduce the 




DIRECTION OF 
BEAM 



Fig, 3=6 - Unidirectional curtain array 



5S 



field strength, in the "back" direction to about 5% of that in the "forward" direction; 
in other words, the front-to-back ratio is S6 dB. This is greater than might be 
expected from the radiation pattern, of a O 5A. aerial and a similar parasitic element. 
However, the mutual impedance between two similar curtains is higher than that for 
two constituent elements spaced the same distance apart, and this accounts for the 
high front-to-back ratio achieved. The amount of power lost in the back direction 
is therefore negligible, and the increase in gain due to using a reflector curtain 
is 3 dB. As the two curtains are identical, by interchanging their functions the 
direction of the beam can be reversed. 

It is possible to slew the beam over a small range of horizontal angles 
by off-setting the feeds to the two halves of the curtain, as shown in Pig, 3.7(a). 

/-•3s ! 





Co) (b) 

Fig. 3.7 -Methods of slewing the beam of a curtain array 

The currents in one half are advanced in phase relative to those in the other half, 
and the beam is therefore slewed in the direction of the lagging half. Here we 
assume that both halves of the curtain are individually matched to the transmission 
line, and that the mutual impedance between them is small so that the matching is 
unaffected when the array is slewed. 



For the array shown in Fig. 3.7(a) for instance, where the tapping point 
is displaced from the mid-point by a length a/£ corresponding to a phase difference of 
a. radians, the radiation pattern is given by 
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cos ip— a J + cos 
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cos pi- a 



cos ( — cos < 

2 



377 
+ cos { — COS i 
2 



sin{/3/j cos 6 ) (3.5) 



As a increases the main "beam is slewed to an increasing extent, ,but a subsidiary lobe 
(or side lobe) develops in another direction; the amplitude of this side lobe 
increases and the gain of the array decreases with slew angle as shown in Pig, 3.8. 
To avoid an undue reduction in gain, arrays of the type shown in Pig. 3.7(a) are not 
slewed over a range greater than about ± 18°, 
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The permissible slewing range can be increased by the progressive phasing system 
shown in Fig. 3«7{b); for a progressive phase change of a radians between columns 
the radiation pattern is given by 



a / 



4801 / tt 

— — cos — COS0 

r sint// \ 2 



/ it a 

cos — cos \b 

\ 2 2 



■f cos 



37T 



,0- 



3a 



' 77 

303 [ — COS I 
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+ cos I cos i 

2 



i(/?ft cos l?) 



(3.6) 



Though more complicated than that shown in Pi-g. 3.7(a), we see from Pig. 3.8 that this 
arrangement permits a slewing range up to about ±30° before there is an appreciable 
reduction in the gain. 



(a) Slewing method shown in Fig. 3.7(a) 

(b) Slewing method shown in Fig, 3.7(b) 

Fig, 3.8 - Performance of curtain array 
of the type shown in Fig. 3.7 as a . 
function of slew angle 
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SLEW ANGLE 



Curtain arrays of the type described are satisfactory over a frequency 
band of a few per cent, but beyond this range the gain falls rapidly due both tc 
radiation in the back direction and to the change in the current distribution between 
■elements; in addition, mismatching reduces the power handling-capacity. By using 
the branch-feeding arrangement shown in Pig. 3.9 these difficulties are largely 
overcome; the desired current distribution is achieved, and the matching is improved 
by using cages instead of relatively thin wires for the radiating elements. The 
bandwidth of arrays comprising such units is limited only by the change of the 
radiation pattern with frequency, or by power handling problems; in practice arrays 
can be designed to cover a frequency range equal to about Z5% of the mid-band 
frequency. 

An adaptation of the curtain array is shown in Fig. 3,10, The 0-5 k 
elements are energised in the way already described, but the curtain is arranged 
parallel to the ground, and at a height of about OS5A.. The contributions from the 
curtain and its image therefore reinforce each other in the vertical direction, and 
produce a beam directed vertically upwards. For this reason aerials of this type 
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Fig= 3.9 - Branch feeding of curtain array 

are sometimes called vertical-incidence arrays. They are used on. frequencies for 
which the radiation is reflected from the ionosphere, and give coverage over a large 
area using a relatively cheap system. They are therefore employed for broadcasting 
to large sparsely-populated regions. The angular spread of the beam is determined 
by the number of elements in each row, and the number of rows in the array; the 
radiation pattern and gain can be calculated in the same way as for the conventional 
curtain array. 




Fig, 3= 10 - Vertical-Incidence array 



3.3= The Snd-Fire Array 



The radiating elements in an end-fire array are arranged in line parallel 
to the ground, spaced at equal intervals of not less than 0*25A.; the currents are 
equal and in progressive phase as shown in Fig. 3.11. The contributions from 
individual elements at a great distance from the array are in phase in the direction 
in which the elements are spaced. The radiation pattern therefore takes the form 
of a single main lobe in this direction, together with a number of smaller side lobes; 
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Fig. 3.1! - End-fire array 



the angular spread of the main beam depends on the length, and the projection angle 
on both the length and height of the array. An advantage of this arrangement is 
that the height of the masts required to give a specified projection angle is less 
than for a curtain array. On the other hand, the lobe widths in the <f> and 6 planes 
are not independent, and this may sometimes be a disadvantage. 



We will use the co-ordin- 
ate system shown in Pig. 3.12 to 
calculate the radiation pattern 
for an array of n elements, height 
h above ground level and spaced 
d apart in. the direction of the 
x—&xi s . 



Compared with the 
element at the origin the current 
in the rth element lags by a phase 
angle (r-l)fid, but the path to P 
i s shorter by a length correspon- 
ding to a phase angle (r - l)/3d cos ^f, 
where £, is the angle POS. If 
the field at P due to a single 
element located at the origin is /(0), 
ground is given by 




T 1 " ELEMENT 



Fig. 3.12 - Co-ordinates of P 



that due to the array over perfectly-conducting 



E = Sf(\fj) 



■Cr-i)ySd(i-.cos^) \ s ±a.((3h cos£ ) 



55 



S = 2f(ib)e 



- } 



if « is even, 



and S = 2/(u/)e 



if ft is odd. 



(■ n -i)jS<f( i-cos#) 



^•^ U-r)/3<2{l-cos£) 
2 \ cos > sinfpft cos $ ) 

!■= 1, 3, 5. . . 



'.n- l)ySd( i- oos<f ) 



1+3 \ cos / sin (ph cos a 

r= 1, 3, 5. . . 



(3.7) 



If, for instance, each element is 0>5A.Iong and carries a loop current 1^ , 
if follows from Equation (2.1) that 

601 1 l n ,\ 

f(\p) = *— cos - cosi/> ; 

r sirup \ 2 / 

\p is given in terms of the co-latitude and longitude of P by Equation (3.4). Similar- 
ly £ is given by 



cos £ = cos cfisint 



(3=8) 



The exponential term in Equation (3.7) affects only the phase of the field 
at P, and is left in merely to link up with the corresponding result for the rhombic 
aerial given later. 

The progressive phasing requirement is usually achieved by terminating a 
transmission line in its characteristic impedance, and then coupling the radiating 
elements very weakly so as not to affect the matching of the transmission line 
appreciably. This is a convenient but necessarily a very inefficient arrangement, 
since the greater part of the power is then dissipated in the terminating resistor. 
One arrangement of this type is shown in Fig. 3.13, in which the weak coupling is 
achieved by connecting each radiating element through a small capacitance. In 
another arrangement very thin 0*5 A.+ 0*5 A. dlpoles {which consequently have a high 
driving— point impedance 3 are connected directly across the transmission line. These 
forms of end-fire array are sometimes used for reception in those cases where it is 
more Important to discriminate against interference than to supply the maximum 
voltage to the Input of the receiver. 



The Tagi aerial (named after its inventor) is a type of end— fire array in 
which only one of the 0»5A_ elements is energised, the others being parasitic. The 
single reflector is spaced between 0-15/vand 0«S5 X. behind the energised aerial; 
the directors are spaced in front of the energised aerial at equal intervals of 
between 1 A_ and 0-15A.. To achieve the correct phase relationship between the 
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Fig. 3. 13 - A practical form of end-fire array 

currents, the reflector is made a little longer and the directors a little shorter 
than 0-5k, by an amount depending on the radius of the elements. Since the current 
in the directors decreases with distance from the energised aerial there is a limit to 
the number it is worthwhile using; the maximum is usually four out ten or more are 
occasionally used if a high gain is required. The reflector and directors can be 
mounted on a central metallic boom. A 4-element Tagi aerial is shown in Fig. 3.14 
together with its radiation pattern in the plane of the elements. 
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Fig. 3. 11. - Measured radiation pattern of 4-element Yagi aerial 



Although sometimes used in the high-frequency band the Tagi aerial is more 
commonly used for reception in the very-high-frequency band, for which the size of the 
elements is more convenient. The aerial has the advantage of having a relatively 
high gain for its size, but the gain falls and the impedance changes rapidly as the 
frequency deviates from the mid-band value; the percentage bandwidth is consequently 
small. This also means that small errors in the length of the parasitic elements 
appreciably affect both the radiation pattern and the impedance. 
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3.4. The Bhombic Aerial 

This aerial, shown in Pig. 3.15 consists of a wire in the form of a hori- 
zontal rhombus, terminated in a resistance which matches the effective "transmission 
line" comprising the sides of the aerial. It may be regarded as a transmission line 
which has "been "opened— out" to allow it to radiate. 



INPUT 



DIRECTION 
OF BEAM 




Fig, 3. 15- Horizontal rhombic aerial 



The current distribution in each side of the rhombus approximates to a 
travelling wave; in other words, the amplitude is constant along the wire and the 
phase changes by Zrr radians per wavelength. Before dealing with the radiation 
characteristics of the rhombic aerial it will be helpful to consider first the case 
of a wire in free space carrying a travelling wave; the co-ordinate system is shown 
in Pig. 3=16 = 




Let the wire, length I, 
lie along the x~axis with its input 
end at the origin; if the current 
here is T, at a point distance x 
from the origin the current is 
Ie~i@ x ° The contribution to the 
field at P from the element Bx 
therefore lags on that from a 
similar element at the origin by a 
phase angle J3x on account of the 
phase of the current in the 
element, but it leads by an angle 
fix cos £ on account of the shorter 
path length to P. Equation {1.19} 
gives the contribution from one 
element and the sum of all such 
contributions, Er, can then be found. We will take as the reference for phase that 
of the field due to the element at the origin. For the horizontal wire in free 
space we therefore have 



Fig. 3.16 - Co-ordinates of P 
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301/3 sin^f f .„ , fi) 



$ s = : _ j e -joiii-oos?/ dx 
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601 -j ~ fi-cosf ) sinf f /3J ,_ ) , 

= e 2 - sln{ — (1-cos^) J (3.9) 

r (1-cos^) (2 J 

We can regard the wire carrying a travelling wave as equivalent to an 
end-fire aerial with a continuous distribution of radiating elements, each element 
having a radiation pattern proportional to sin £. The radiation is therefore 
concentrated round the surface of a cone whose axis lies along the wire. Since I 
is usually large compared with K, the last term in Equation (3.9) largely controls 
the shape of the radiation pattern. The direction of maximum radiation is therefore 
at an angle given by 

ySKl-cos^} = n (3.10) 

If we feed two such wires in the form of a ¥ from a balanced source, their contribu- 
tions will reinforce each other in the plane of symmetry in a direction at an angle 
£ to each wire, the value of £, being given by Equation (3.10). This leads to the 
idea of an aerial in the form of a rhombus as providing a practical way of securing 
the required travelling wave on the radiating wires „ 

We will next calculate the radiation pattern for the general ease of a 
rhombus of semi-angle y, the aerial and co-ordinate system are shown in Pig. 3„17 = 
We will take as the reference for phase that of the field due to an element at the 
origin, carrying a current in phase with that at the input of side (1). The contri- 
bution to the field at P from side (1), E ±, follows from Equation (3.9) 



601 -/ — (i-cosfi) sin^ ± [j3l 



e 



2 



(1-casdfi ) } (3.11) 



r (1- cos g ± ) \ 2 

where, from Equation (3.8) 

eos£ ± = cos i4>~y) sin & (3. IS) 

Since side (3) is parallel to side (1) its contribution, fi s , is similar in form, but 
the input current is -Je" J ^' instead of J, and the phase of the contribution is 
advanced by an angle /3l cos (cp~y) sin 6*. Moreover, the two contributions are in the 
same direction, namely perpendicular to OP in the plane 0PQ.. 

/3I 
601 -j — (i.oosfi) sin Si I pi 

e £ sin I — ( 1 - cos ^i ) 

r . (1- cos^! ) ( 2 

1- s -lfil ( l-cost^H-ys! nd) I (3.13) 



Similarly, the contributions from sides (2) and (4) are perpendicular to OP in the 
plane 0PQ.' and are given by replacing (<j>—y) by (<fi+y) and vice versa in Equations 
(3.12) and (3.13). The currents in 3ides (4) and (23 are opposite to these in 
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Fig, 3, i7 - Go-ordi nates of P 
sid.es 11) and (3) respectively; we therefore obtain for the combined contribution 



, + Ea. = 



601 -j - — (i-cosf 2 ) sinf 



fil 



sin{ — (1- cos^ 2 ' 
(1-cosfs ) I 2 



-i _ e - ;' /? Z ( l - c o st£- ye 5 n 5 ) 



where ^f 2 ^ s "tb.e angle POQ. and 



cos^ 2 = cos (0+ y) sin i 



(3«14) 



To sum the contributions from the two pairs of sides we resolve them into 
Eg and J'j, components. We hare 

%$ = (#i +i , 3 )cos0 1 + (f 2 + I 4 }cos^ 2 

where 1} i// 2 are the spherical angles RPfi and RPQ.' respectively in Fig. 3. 17(c). 

Also £$ - {S % +5' s )sin0i+ (# £ + # 4 ) sini// 2 



and the total field is ^ Sq + J?J. From the relationship between the sides and angles 
of the spherical triangle PQR, Fig, 3.17(c) 
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3±D.(<f>~y) eos'cfy~ r y)cos 6 

sin^i = ; cos 0i - 



sin(0 + y) cos. {<p + y) cos 6 

Similarly sin^ 2 = - — ; — . ; cos<^2 = — - — 

s in g 2 s ^ » 2 

After some manipulation the modulus of the field at P can be expressed in 
the form 

f # r ) I # r 

I sinysin [ — (1- cos^i ) } sin{ — (1- cos^ 2 ) 

g - g4o -z=n Ca.is) 

r /l-cosfi /i-eog^ r 2 

where g i7 £ 2 are given in terms of the co-latitude and longitude of Pby Equations 
(3.12! and (3.14). 

For the rhombic aerial at a height h above perfectly-conducting ground the 
corresponding expression is * 

I sin y sin j — (1- cosf i ! I sin/ — {1- cos ^ 2 ) 1 sin (/3 ft cos 8 ) 

g - 480 — — — ■ ( 3, 16 ) 

r /l-cos^i A - cos f 2 

The optimum value of y is found by making the maximum of the radiation pattern 
coincide with the required direction; in other words, the partial differentials 
with respect to $ and <f> of the expression on the right— hand side of Equation (3.16) 
must be zero simultaneously. For maximum radiation in the direction of the rhombic 
(<£> - 0} and at an angle 6 to the vertical we find that 

,31(1 -cosy sin 6* } = 0-74 tt (3.17) 

This differs from- the condition given by Equation (3.10), which corresponds 
to the contributions from only two of the sides being in phase in the required 
direction. For any given values of I and 6 Equation (3.17) determines y, h is then 
chosen to make the last term in the numerator of Equation (3.16) maximum at the 
desired value of 8. The radiation pattern becomes sharper in both the horizontal 
and vertical planes, and the gain consequently increases, as the length of the side 
of the rhombus increases; in practice there must therefore be a compromise between 
the size of the aerial and its performance. A typical design for a point-to-point 
service is a rhombus having a side of 8/Vand a serai-angle of 15 ; for a broadcasting 
service a typical design is a rhombus having a side of 5 K and a semi-angle of 20 . 
The calculated radiation pattern for this latter aerial is shown in Pig. 3.18. 

The pattern is characterised by a large number of subsidiary side lobes of 
appreciable amplitude. This means that a rhombic- transmitting aerial is more likely 
to cause interference with other services working on the same frequency, or be subject 
to interference if used for reception, than if these side lobes were absent. Another 
disadvantage is that the widths of the main lobe in the <f> and 8 planes are inter- 
dependent, and also change with frequency. Pig. 3.19 shows the change of gain and 

*The result could be simplified by expressing Cl-cosf) ill terms of the half-angle , tmt tfes 
■form given in Equatiots (3.16) is more suitable for computation. 
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beam width, with frequency for a rhombic aerial typical of those used for point-to- 
point services. 10 



Power is dissipated in the resistor which terminates the rhombic aerial, so 
that the gain is less than that for the curtain array having a similar radiation 
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pattern. The loss can "be reduced by using two or three spaced wires in parallel; 
the characteristic impedance of the radiating wires is thereby reduced, and the 
attenuation of the current due to radiation .is consequently increased^ By this 
means it is possible to limit the power lost in the termination to about 3Q£ of the 
input power. The resistor which terminates the rhombus is usually a balanced 
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transmission— line made of iron or steel, A resistance of about 800 ohms is required 
for the single—wire aerial, and about 500 ohms for the three— wire aerial. By 
interchanging the input and termination the direction of the beam can be reversed. 
The rhombic aerial is widely used for both transmission and reception in point-to- 
point services, and to a lesser extent for broadcast transmissions . The aerial is 
mechanically simple, and has both a good performance and a relatively constant input 
impedance over a frequency band of about one octave. 

In the above analysis the radiation pattern has been calculated for an 
idealised case in which the current along the wires is assumed to be constant, 
whereas in practice the current decreases towards the termination as the result of the 
radiation of power. Although this affects the fine structure of the radiation 
pattern, measurements show that the practical performance does not differ appreciably 
from that of the idealised case. It does mean, however, ■ that there is a limit to 
the length of the rhombus It is worthwhile using; in practice a side-length of about 
8 /Vis rarely exceeded. 



VERY-HIGH AND ULTRA-HIGH FREQUENCY AERIALS 



4.1. 



General Considerations 



The very-high and ultra-high frequency bands (30-300 and 300-3000 Mc/s 
respectively 3 are used mainly for purposes involving ranges up to the "radio horizon", 
i.e. a little beyond the optical range; these include point-to— point communications, 
broadcasting services, radio navigation and telemetering. A more restricted applica- 
tion, but one which is becoming Increasingly important, is to services which rely on 
the "scatter" of energy from the ionosphere or troposphere; these are relatively 
Inefficient, but offer the advantage of communication over long distances. 



The design methods applying in the lower frequency bands are of course 
applicable in the higher bands; assemblies of elements can be arranged to give the 
required radiation characteristics, and their impedance calculated. However, the 
constituent 0- 5 A. elements generally used are so small in these higher bands that 
new techniques become practicable, so much so that in the higher part of the ultra- 
high frequency band methods similar to those used in optics are much more convenient 
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for shaping the beam of radiation; this change in technique occurs at roughly 
1000 Mc/s. It is therefore convenient to consider in this section only those aerials 
involving assemblies of discrete radiating elements; the aerials involving techniques 
akin to those used in optics are outside the scope of this report. 

The aerials under consideration will usually be at least one wavelength 
above ground level; in these circumstances, in most applications the surface wave is 
negligible compared with the space wave, and we need therefore to consider only the 
latter component. In many practical problems we are concerned with propagation 
along, or nearly along, the ground. We can approximate to this case as shown in 
Fig. 4.1, by considering a flat site, with a transmitting aerial T at a height h ± and 
a receiving aerial R at a height h 2 , spaced a distance d apart such that d»h±, k 2 . 
T' is the image of T in the ground plane,. 
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WAVE 
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Fig. M-.l - Transmission from T to R at nearly grazing incidence 
The field at R is the resultant of the direct wave, path length 



TR = Vd s + (h 1 -h i ) 2 Ri a 1 + 



(h± -h z )' 



l± — It, £/ 

2d 2 



and the ground-reflected wave, path length 



T'R = Sd* + (h 1 + k 2 )' 2 % d 1 + 



(h]_ + h<,}' 
2d 2 



) 



The path difference is therefore 2h ± h^/d, and the corresponding phase 
difference is 4.7Th t h 2 /kd. Since the plane-wave reflection coefficient at grazing 
incidence is -1, independent of the characteristics of the ground (for both horizon- 
tally- and vertically-polarised waves), the phase difference "between the direct wave 
and the ground— reflected wave is 
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If the field strength of the direct wave is S, the resultant field is therefore 
4 77 £7i .j> e Ad , since d»h 1 , h 2 . Now S is inversely proportional to the distance, d, 
so the resultant field strength varies inversely as the square of the distance. To 
achieve a high field for a given radiated power it is therefore necessary to make 
h ± and h 2 as large as possible. It is often impracticable to make h 2 large, for 
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instance in the case of broadcasting, or of reception in a vehicle. It is therefore 
desirable to build the transmitting station on a high site, and also to use a high 
aerial. The mast height is therefore determined by economic rather than technical 
considerations; in some cases regulations for the safety of aircraft may impose an 
upper limit. 

We can look at this in another way. The radiated beam is elevated at a 
small angle to the ground. By increasing the height of the transmitting aerial we 
can depress the beam, and so increase the received field; but we are always at the 
disadvantage of working on the "skirt" of the vertical radiation pattern, whereas 
in the bands previously considered we endeavour to work in the direction of the 
maximum of the radiation pattern. 

The propagation characteristics of the space wave are virtually the same for 
both horizontal and vertical polarisation, and both are used in practice. In the 
lower bands, on the other hand, we have seen that there is a preferred polarisation 
depending on the application. 



The form of the performance specification over the working band depends on 
the purpose for which the aerial is used. The change in the shape of the radiation 
pattern may limit the bandwidth. In other cases the change of impedance is more 
important. If, for instance, we are transmitting a signal covering a relatively wide 
band of frequencies, such as that required for a television picture, small impedance 
mismatches between the aerial and the transmission line which feeds it will result in 
the signal being partially reflected, Ohe signal reflected from the aerial will pass 
hack to the transmitter where it will again be partially reflected, return to the 
aerial and be radiated as a "ghost" signal, delayed in time by two traversals of the 
transmission. line. A small impairment of the shape of the transmitted signal may 
seriously affect the accuracy of a navigational aid or the quality of a television 
picture. In these cases only small deviations of the aerial impedance from the ideal 
are permissible, but this restriction applies over a band which is only a small 
percentage of the carrier frequency. The transmission lines used for feeding such 
arrays must also be substantially free from discontinuities. For multichannel 
communications services, on the other hand, although the working frequency band is 
very wide larger deviations of impedance from the ideal are usually permissible. 

In some cases, for instance reception of broadcasting, the aerial must be a_ 
relatively simple mechanical structure such as a 0°5/V dipole, an H aerial consisting 
of a 0-5 A. dipole and reflector (see Section 3.3.4) or a Tagi aerial comprising a 
0-5A. dipole, reflector and one or more directors (see Section 3.3). In cases where a 
greater degree of mechanical complexity is permissible, since the wavelengths involved 
are relatively short, highly directional arrays can be designed which are suitable for 
mounting on a single mast. The usual radiating element is a horizontal or vertical 
0=5^ dipole, because it is easy to support, it can be designed to have good bandwidth, 
and the impedance is convenient for matching to a co-axial transmission line. 

A common arrangement is a number of tiers, each tier incorporating OgA. 
elements, the tiers being energised in phase through coaxial lines in branch formation, 
similar to that shown in Pig. 3.9. If the array is required to radiate uniformly in 
all horizontal directions, the problem is to obtain a reasonable approximation to 
the requirement, taking into account the effect of the supporting mast. If a 
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directional horizontal radiation pattern is required the supporting mast may be used 
as an aperiodic reflector. Alternatively, a reflecting screen can be incorporated 
into the array and attached to the mast; if the screen is sufficiently large the mast 
has little effect on the radiation characteristics. 

There is an optimum spacing between tiers which gives the maximum gain. 
For two parallel 5A.dipoles carrying equal eo— phased currents the gain is maximum 
when the spacing is about 0-7 A. ; from Table 2 (p. 36) we see that the mutual resis- 
tance then has a maximum negative value. The spacing of 0" 5 A. used for the high- 
frequency arrays described in Section 3.2 is for convenience in feeding the tiers, 
rather than to maximise the gain. The spacing giving the maximum gain depends on the 
number of tiers and the vertical variation pattern -of individual tiers; a spacing of 
0*7A.between parallel elements, and A between the centres of coliinear elements, is 
near to the optimum for most arrangements. 

4.2. The Folded Dipole 

We have seen previously that the current distribution along a dipole is 
approximately the same as that along an open— circuited transmission line of the same 
length; the case of elements 0« 5 A long is illustrated in Fig. 4.2(a) and (b ) , the 
current distribution being shown dotted. 
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Fig. M..2- Current distribution along transmission line and equivalent dipole 

Continuing this analogy, if we have a transmission line of length A. short- 
circuited at each end and energised at the centre, the current distribution is as 
shown in Fig. 4.2(c). Suppose that the line is hinged at the points where the 
current is aero, and that the outer portions are folded back on the inner portion, 
corresponding conductors of the folded portions being connected together at the 
junction, as in Fig. 4.2(d). No current then flows in the short circuit between the 
inner and outer conductors of the line, and it can therefore be omitted. The 
corresponding aerial is the "folded dipole" shown in Fig. 4.2(e), the spacing between 
the branches being a small fraction of the wavelength. 

The general case of a folded dipole of length Zh is illustrated in Fig. 4.3. 
The single zero— impedance generator of voltage V in Pig. 4.3(a) can be replaced by two 
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zero-impedance generators of voltage 7/2 in series in the lower branch; it is also 
permissible to insert two zero-impedance generators of voltage V/2 in opposition in 
the upper branch of the folded dipole, as in Fig. 4.3(b). By the superposition 
theorem we are allowed to consider the effect of these generators separately, as in 
Fig, 4.3(c) and (d). Prom considerations of symmetry, the currents in the upper 
and lower branches in Pig, 4.3(c), J 1} are equal and in the same direction; this 
circuit is equivalent to a centre— fed dipole comprising both branches in parallel, 
with a generator of voltage V/2 supplying a current 21 -y Similarly, the currents 
in the upper and lower branches of Fig. 4.3(d), I 2 , are equal and opposite. The 
circuit of Fig. 4.3(d) therefore comprises two short— circuited transmission lines in 
series, with a generator of voltage 7 supplying a current I 2 ° 



In Fig. 4.3, 



I = 1,+Is 



1 21 j. I 2 
4 1/2 V 



This can be written 



jT cot 0h) 



'folded dipofe a sirsple dSpoie 



(4.1) 



where A foilis!i dipole ^ s ^ e admittance of the folded dipole, ^ s j mp j e dipole ^ s ^ e 
admittance of the centre-fed dipole in Fig. 4.3(c), and Y Q is the characteristic 
admittance of the transmission lines in Fig. 4.3(d). A thin resonant 0°5A. dipole, 
for instance, has a purely resistive input impedance of 73 ohms; the corresponding 
folded dipole has a purely resistive input impedance of 29S ohms. 

The conductance and susceptance of the simple dipole in the neighbourhood 
of 0' 5 A. resonance have the general form shown in Fig. 4.4, curves (a) and (h) respec- 
tively; these characteristics can be derived from the equivalent circuit of an 
aerial above perfectly-conducting ground (see Section 2.2.4). The susceptance of 
the folded dipole is found by adding to curve (b ) curve (c], the susceptance of the 
transmission line system of Fig. 4.3(d), giving curve (d) in Fig. 4.4. 



The conductance of the folded dipole therefore has a rather flat maximum 
in the neighbourhood of the = 5 A. resonance frequency, and the susceptance is small 
over a band of frequencies. The susceptance can in fact be made aero at two 
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{ a) i Conductance of simple dipoie 

(b) 5 Susceptance of simple dipoie 

C c) Susceptance of transmission line 
system of Fig, 4. 3(d) 

C d) Susceptance of foided dipoie 



Fig, 4.4 - Admittance characteristics 
of simple and folded dipoles 
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frequencies, one on either side of the J 5A resonance frequency, provided 7 is 
sufficiently high. This means that to achieve an appreciable improvement in the 
bandwidth the branches must have relatively large dimensions; one such arrangement 
is shown in Fig. 4«5(a). Of course, as we have seen previously, an increase in the 
lateral dimensions has a beneficial effect on the bandwidth quite apart from the 
improvement due to foldings 

In the foregoing analysis we have tacitly assumed that the resonance 
frequencies of the simple 0" 5 A. dipoie and of the transmission line system are the 
same, whereas the former will be lower by an amount which increases with the lateral 
dimensions of the aerial (see Section 2» 2. £) . This merely means that a small 
susceptance may be required at the driving point to achieve the optimum bandwidth. 




F^ 



If the lateral dimensions of the folded branch are larger than those of the 
energised branch, the conductance at resonance will be less than one quarter of that 
of the simple dipoie. This follows from the transmission line analogue in Fig, 
4 a 3(c); it is equivalent to increasing the 
characteristic admittance of the folded 
branch, so that the maximum current flowing 
in it is greater than that In the energised 
branch. Conversely, if the lateral dimen- 
sions of the folded branch are smaller than 
those of the energised branch the input 
conductance is greater than one quarter of 
that of the simple dipoie. Folding a O 5/V 
dipole can therefore be used to increase the 
bandwidth, or to decrease the input conduc- 
tance to any desired value, or both. An 
alternative form of folded dipoie is shown 
in Fig. 4.5(b). Here the folded branch does 
not radiate; as a result, folding increases 
the bandwidth without affecting the input 
conductance. The folded dipoie has the 

advantage that it can be conveniently 
supported by an arm attached at the mid— 






(b) 



Fjg 8 Jf. 5 - Two forms of 0«5A. 
folded dipoles 
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point of the folded branch, an arrangement which is only practicable in the higher 
frequency bands. 

4.3. The Concept of Equivalent Generators 

In the analysis of the folded dipole in Section 4.2 we found it useful to 
introduce the intermediate step of replacing the single generator by a number of 
generators having an equivalent effect. By grouping these generators into two sets 
and calculating their effects separately, we were enabled to derive a simple equiva- 
lent circuit. In such problems we are allowed to replace a short circuit by two 
zero—impedance constant— voltage generators in opposition, and an open circuit by two 
infinite— impedance constant— current generators of opposite sign in parallel. This 
concept of "equivalent generators" greatly simplifies calculations on. certain types of 
aerial, and examples of its use are given in Sections 4.4 and 4.7. 

4.4. Balanced— to— Unbalanced Impedance Transformations 

If a balanced impedance, such as a centre-fed 0-5 A. dipole, is fed from a 
balanced transmission line, as shown in Fig. 4.6 (a J, from considerations of symmetry 
the currents in the two wires of the line are equal and opposite. The transmission 
line therefore does not radiate, and the currents in the two halves of the dipole are 
equal. The system behaves as if the transmission line did not exist, and there were 
an isolated generator connected in series at the centre of the dipole; this is the 
arrangement we have envisaged throughout in calculating the radiation characteristics 
of such an aerial. 
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Fig, 1^.6- Methods of connecting a balanced aeria! to a generator 



It is often convenient to use a coaxial line for connecting the generator 
to the aerial; if the line Is perfectly screened the currents on the Inner conductor 
and the inner surface of the screen must be equal and opposite. 

In the arrangement shown In Pig. 4.6(b) the current on the inner surface of 
the screen divides at the junction with the aerial, part flowing Into one half of the 
dipole and part down the outer surface of the screen. This means that, the screen 
acts as an aerial and radiates, and also that the currents in the two halves of the 
dipole are unequal. Both the radiation pattern and the impedance are therefore 
affected, in a manner determined by the length and disposition of the line with 
respect to earth. This unsatisfactory state of affairs can be corrected by using a 
length of "balancing" .line, as shown in Pig. 4.6(c), thus restoring symmetry. The 
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length of the "balancing" Line Is unimportant except insofar as it affects tie 
impedance presented to the coaxial line at the aerial driving point. This Impedance 
Is equal to that of the dipole, in parallel with that of a short-circuited trans- 
mission line formed by the two lengths of coaxial-line outer screens. By making this 
length 0-25 K, as shown In Fig. 4.6(d), a balanced-to-unbalanced transformation Is 
achieved without change of impedance. The balance of the aerial is maintained at all 
frequencies; but the impedance, and hence the bandwidth, is affected by the balancing 
system. If the characteristic impedance of the short-circuited 0-SSA.line is 
appropriately chosen it can in fact appreciably increase the bandwidth, in the same 
way that folding can Increase the bandwidth of a Od/V. dipole. 
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Fig. if. 7 - Equi valent circuit of balanced dipole connected to un balanced source 



The performance of the balanced dipole energised from a coaxial line is best 
visualised using the equivalent generator concept (see Section 4.3) in the manner 
shown in Fig. 4.7. The current flowing in the system la the sum of that in a dipole 
fed from an isolated generator of voltage 7, J l5 and that through the circuit of 
Fig. 4.7(e), I2; if the dipole is resonant I ]_ will tend to be large compared with J 2 = 
The effect of the current flowing on the outer of the coaxial line will therefore be 
least harmful at or near the resonance frequency of the dipole; it could be calcula- 
ted taking into account the disposition of the coaxial feeding line. 



In Fig. 4.7, 



1 



Ii+I, 



i.e. 



I I ± 1 ST 2 
7 ~ ¥ A 7/2 



The admittance of the arrangement of Fig. 4.7(a) is therefore that of a centre-fed 
dipole fed from an isolated generator, plus one quarter of the admittance of the 
circuit shown in Fig. 4.7(e). 

In Fig. 4.7 we' have showa the coaxial line as perpendicular to the aerial; 
this means there is no radiation coupling between them. If there is any departure 
from this disposition (if, for instance, any part of the line is parallel to the 
aerial) an additional current will flow on the screen as a result of radiation 
coupling. But provided the coaxial line is arranged symmetrically with respect to 
the aerial up to a distance of at least O 5 A. from it, this effect will be small. 

Some typical balanced-to-unbalanced transformations are shown in Fig. 4.8. 
In Fig. 4.8(a) the arrangement of Fig. 4.6(d) Is simulated by cutting a slot 035A. 
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Fig. 1 = 8 -Typical balanced-to-unbalanced transformations 




long In the outer of the transmission line. Fig. 4.8(b) shows a method of connecting 
an unbalanced source to a folded dipole, and Fig. 4.8(c) to a loop aerial, without 
affecting the balance of the aerials. 

The methods so far described of transforming from balanced to unbalanced 
impedances are independent of the frequency as far as the radiation characteristics 
are concerned, although as stated earlier in this section they may affect the varia- 
tion, with frequency cf the impedance presented to the coaxial line. 

Methods of transforming from balanced to unbalanced impedance are sometimes 
used in which the transformation is ideal only at the design frequency. One method 
used in association with a vertical 0-5 A. aerial is shown in Pig. 4.9(a), The lower 
half of the aerial takes the form of a "sleeve "0-35 X. long short-circuited to the 
outer of the feeding line at the driving point. The equivalent circuit Is shown In 
Fig. 4.9(b); here X Is the reactance of the short-circuited O 25 \ line formed by the 
outer of the coaxial line and the sleeve. Since I is infinite at the design frequency 
the lower half of the dipole is effectively isolated from the feeding system; however, 
at other frequencies X falls rapidly, since the lateral dimensions of the two portions 
of the short-circuited 0-25 Mine are usually comparable, and the characteristic 
impedance of the combination Is therefore low. Another disadvantage is that there is 
appreciable radiation coupling between the aerial and the nearer part of the outer 
of the coaxial line. Its effect can be minimised by adding another sleeve at an 
appropriate point as shown in Fig. 4.9(c); the equivalent circuit of this arrangement 
is shown in Fig. 4.9(d). 
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Fig. 4-. 9 - Balanced- to-un balanced transformation using a "sleeve" 
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Another method of transforming from 'balanced to unbalanced impedance is 
shown in Pig. 4.10(a). One half of the balanced dipole is connected to the inner 
of the coaxial feeding line, and the other half to the same point through an additional 
line 0- Belong. In order to calculate the performance over a frequency band we will 
consider the more general ease, where the additional line has an equivalent electrical 
length of Zd radians. The operation of this circuit is most easily visualised 
by using the concept of infinite-impedance constant-current generators. Let the 
impedance of the balanced aerial in the absence of the feeding line be Z a and the 
impedance between the aerial terminals, when commoned, and the screen of the coaxial 
line be E 
is the 



b . The equivalent circuit is then as shown in Fig. 4.10(b), where I 
current supplied by a constant-current generator located at the point where 
the main line is connected to the aerial. An equivalent arrangement is shown in 
Pig. 4.10(e), which can be regarded as the sum of the two systems shown in Fig. 4.10(d) 
and (e). The voltage applied by the original generator is the 
supplied by these two systems, i.e. 

1 £ j2SJ tan6 I j2Z b Z Q cot( 



sum of the voltages 



2 "< + 3% s o tani9 2 Z£ b - jZ cot 6 
The impedance presented to the original generator is therefore 

£ 8 kZ Q cot6 



1 



2Zr 



cot ( 



1-.7 



ZZ-, 



cot . 



it the design frequency cot 9 - S and the input impedance is Z a /4) the currents 
flowing in the two halves of Z a are then equal. At other frequencies they are 
unequal to an extent which can be calculated from the equivalent circuit, provided 
E a and Z ^ are known. 
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4.5. The Radiation Pattern of an Aerial Mounted on a Cylindrical Mast 

A mast supporting an aerial reflects some of the incident radiation and 
consequently affects the radiation pattern of the aerial. A solution has been 
obtained for a doublet mounted on an infinitely-long cylindrical mast, 11 and the 
derivation is given in Section 7.3. We will consider here only the principle of the 
method, and the results in some typical cases. 

In previous problems we have found it convenient to regard the aerial" under 
investigation as transmitting'; however, in the present case the analysis is simpli- 
fied by considering the aerial as receiving. We assume a transmitting doublet at a 
large distance from the cylinder, and calculate the electric force it produces at any 
specified point near to the cylinder. This electric force is proportional to the 
voltage that would be induced in a receiving doublet located at the point in question; 
its variation with direction from the transmitting doublet gives the required radia- 
tion pattern. Depending on whether we require the performance of a vertical,* 
tangential or radial element mounted on the cylinder, the corresponding field com- 
ponent is calculated. 

In problems involving cylinders, insertion of the boundary conditions is 
facilitated hy expressing Maxwell's equations in cylindrical co-ordinates. The 
field in the vicinity of the cylinder due to the transmitting doublet alone can then 
be expressed in the form of an infinite series of Bessel functions of the first kind 
having known coefficients. The field associated with the currents flowing on the 
cylinder can be expressed in the form of an infinite series of Hankel functions of the 
second kind having arbitrary coefficients. The sum of these two components must 
satisfy the boundary condition that the tangential component of electric force is aero 
at the surface of the perfectly-conducting cylinder. The coefficients of the Hankel 
functions are thus determined, and an expression can be obtained for the field at any 
Point in space; from this we can derive the magnitude and phase of the voltage 
induced in the receiving doublet, and hence the radiation pattern of the doublet. 
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Fig. 4. I !- Transmitting doublets giving rise to fields in the direction of vertical, 
tangential and radial receiving doublets mounted on a cylindrical mast 



The axis of the cylinder is taken to be vertical. 
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The only field component in the direction of a vertical receiving doublet is 
that due to a transmitting doublet perpendicular to the radius vector in the plane of 
incidence, as shown in Fig, 4.11(a). For a tangential or radial receiving doublet 
there are field components due to the two transmitting doublets shown in Fig. 4.11(b). 
Both are perpendicular to the radius vector, one being in and the other normal to the 
plane of incidence. In the horizontal plane containing the receiving doublet, and 
also in the vertical plane of symmetry, one or the other of these components is zero. 

The polarisation of the waves radiated by an aerial mounted on a cylindrical 
mast is found \>j interchanging the transmitting and receiving doublets in Fig 1 . 4.11. 
Thus a vertical doublet radiates . only vertically-polarised waves. A tangential or 
radial doublet in general radiates a combination of horizontally-polarised and 
vertically-polarised waves; but In the horizontal plane containing the doublet both 
radiate only horizontally-polarised waves, and in the vertical plane of symmetry the 
tangential doublet radiates only horizontally-polarised waves and the radial doublet 
radiates only vertically-polarised waves. 

Reverting to the ease shown in Fig, 4.11, the field can be considered as the 
sum of two components, the primary field due to the distant transmitting doublet and 
the secondary field due to the waves reflected by the cylinder. When the distance of 
the receiving doublet from the surface of the cylinder is comparable with or greater 
than the cylinder radius, the infinite series for the primary field converges much 
more slowly than that for the secondary field. In such cases it is less laborious to 
calculate the primary field due to the Incident plane-wave directly, without using the 
series expansion. The secondary field is then calculated from the infinite series of 
Hartkel functions, and the two components combined. 

By way of example, Fig. 4,12 shows the horizontal radiation patterns of a 
vertical doublet mounted at a distance of O 24 A. from the axis of a cylindrical mast, 
for three different values of mast radius; for comparison purposes the curves have 
been normalised to the same maximum field strength. The smaller' the radius of the 
mast the less its effect on the radiation pattern; however, Fig. 4. IS shows that a 
mast of surprisingly small radius alters the shape of the pattern appreciably. 
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Fig. %„ 12 - Horizontal radiation patterns of vertical dooblet spaced 3 2y- A.frora 
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Fig. M-.I3- Horizontal radiation pattern of tangential doublet spaced 0'2^A.frora 
axis of cylindrical mast, radius (MSA. 

Fig. 4.13 shows the horizontal radiation pattern of a tangential doublet 
spaced 0° 24 A. from the axis of a cylindrical mast of radius 16 ^. Here the main 
effect of the mast is to blur the zeros in directions end— on to the doublet, and to 
introduce a partial "shadow" behind the mast. 

Fig. 4.14 shows the horizontal radiation pattern, of a radial doublet on a 
mast of radius 0-15A.. From considerations of symmetry, the radiation pattern of any 
radial aerial on a' cylindrical mast will have zeros in line with the aerial. 

Ihe foregoing discussion has been concerned with the radiation patterns of 
doublets mounted on a cylindrical mast, whereas the usual radiating element is a 
0-5 A. dipole; the results are not very different in this ease, because the radiation 
patterns of both elements in free space are similar. A dipole is equivalent to a 
series of collinear doublets. For a vertical 0- 5 A. dipole it follows that the 
horizontal radiation pattern is the same as for a doublet spaced the same distance 
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Fig. $, 14 - Horizontal radiation pattern of radial doublet on cylindrical mast, 
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from the axis, while the vertical pattern is modified in the same ratio as for a 
0>5A.dipole and a doublet in free spacer ¥o such simple modification applies in the 
case of tangential or radial 0- 5 A. dipoles, because the spacing of the component 
doublets from the axis is not constant. The foregoing theoretical method can of 
course be applied, but its application is very laborious. A method which is 

sufficiently accurate for the tangential 0=5A.dipole is to calculate the primary 
field directly, as described earlier in this Section, and then to approximate to the 
secondary field by assuming the dipole takes the form of . an arc of a circle concentric 
with the cylinder. 

The theoretical results discussed above apply for an infinitely— long 
cylindrical mast; in practice a mast behaves substantially like one infinitely long 
if it extends at least one half -wavelength above and below the radiating elements. 

The performance of an array mounted on a cylindrical mast can be found by 
adding the contributions of individual elements; 11 " arrangements giving the required 
shape of radiation pattern can then be devised. The performance of such arrays can 
also be determined experimentally. The usual method is to make a small-scale model 
of the array, and then to measure the variation in the pick-up from a distant trans- 
mitting aerial as the model is rotated; such tests are carried out at a wavelength 
bearing the same ratio to the working wavelength as the ratio of the dimensions of 
the model and the full-scale aerial. 

Experimental methods are essential if the performance of an array mounted on 
a mast of non— circular cross section must be known accurately. An approximate 
theoretical method which is satisfactory if the cross sectional dimensions are small 
compared with the wavelength is to take as the equivalent cylindrical mast one having 
the same capacitance per unit length. A method for dealing with larger masts of 
triangular and square cross-section has been published, 12 but it involves laborious 
computation. 

4.6. Aerials Having a Uniform Horizontal Radiation Pattern 



For some purposes aerials are required to have a 
substantially uniform horizontal radiation pattern; a typical 
case is a transmitting aerial for a broadcasting service, A 
method of meeting this requirement is illustrated in idealised 
form in Fig. 4.15. A continuous distribution of radiating 
elements (vertical, tangential or radial) is arranged in the 
form of a ring round a cylindrical mast. The elements carry 
equal currents which in one arrangement are in-phase, and in 
the other are in progressive— phase, i.e. the phase changes 
uniformly round the ring, the total phase change being an 
integral multiple of 2 TT radians. From considerations of 
symmetry the radiation is uniform in all horizontal direc- 
tions for either arrangement. In practice a continuous 
distribution of radiating elements is impracticable, and a 
compromise must be sought between the number of elements and 
the uniformity of the radiation pattern. 
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The most suitable 
arrangement depends on the particu- 
lar case. Generally speaking the 
in— phase system is used for masts 
having a radius (or equivalent 
radius) greater than about 0-05X.; 
the elements are then usually 
energised from a common point 
through lines of equal length. 

A progr es s ive— phas e 
system is often used if the mast 
has a relatively small cross- 
section, for instance a thin pole 
mounted on top of the main suppor- 
ting structure. Fig. 4.18 shows a 
horizontally-polarised aerial of 
this type; each tier consists of 
two horizontal 0-5^- dipoles at right angles (which we can regard as four 0* 25 A. radial 
elements) carrying equal currents in phase quadrature. If the pole were infinites!— 
mally thin no current would be induced in it by such an array; provided its cross- 
sectional dimensions are small compared with the wavelength it will have little 
effect on the radiation characteristics. If the loop current of each dipole is 1^ , 
it follows from Equation (2.1) that the field at a distance r and at an angle d> in 
the plane containing the dipoles is given by 



Fig. 14.16 -The "turnstile' 5 aerial 
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(4.2) 



As <f> changes, the modulus of the expression for S^ given by Equation (4.2) is constant 
within ±0*5 dB. Since there is no coupling between the two dipoles the gain of a 
single tier in a plane containing the dipoles, relative to a 0-5 X. dipole, is 0-5 
(i.e. -3 dB). 




0-25A 



Fig, ty.17 - Method of feeding a 
progressive-phase aerial system 



This type of aerial is known as a 
"turnstile". The usual method of connection is 
shown schematically in Fig. 4.17. We consider 
the dipoles in each tier (or the combined dipoles 
in each vertical plane) as constituting two 
groups, and endeavour to match each group to the 
transmission line which feeds it. An additional 
0-25 A. length of line is included in the feed to 
one group, in order to give the required phase 
difference between the currents in the two 
groups. If the impedance of one group at the 
paralleling point is^ithe reflection coefficient 
at that point is 
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wtere Z Q is the characteristic impedance of the transmission line» The impedance of 
the other group at the mid— band frequency is Z Q /Z X ; if the two groups are connected 
in series to a transmission line of characteristic impedance 22 0i or in parallel to a 
line of characteristic impedance Zq/£, the reflection coefficient of the combination 
is 

i.e. the square of the reflection coefficient for each group along. This result will 
apply approximately over a limited band of frequencies, since the change with frequency 
of the electrical length of the 0* S5.\ phasing line will in general have a negligible 
effect. The impedance of the complete aerial is therefore much more constant over a 
small frequency band than that of either group separately, particularly if the 
reflection coefficient for each group is small. 

This compensation applies to all arrays in which the radiating elements can 
be divided into two groups, fed in phase quadrature by the method shown in Fig, 4.17. 
However, one consequence of a departure of the impedance of an individual group from 
the ideal is that the power is unequally divided between the two groups; the hori- 
zontal radiation pattern consequently changes over the frequency band. 
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[ a) B at w i n g e f em en t (b)Singietier 

Ftg. t. 18 - The Batwing aerial 



A modification of the turnstile aerial is shown in Fig° 4.18. The 

radiating element consists of a skeletonised "batwing"; this can be regarded as a 
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transmission line (or slot] across which, radiating elements are tapped, the lengths 
being graded to "spread" the current distribution. As a result one tier has approxi- 
mately the same gain as two tiers of the turnstile aerial. By suitably choosing the 
length and width of the slot and the shape of the batwing, the impedance can be made 
ranch less frequency-dependent than that of a simple dipole. The batwing aerial is 
commonly used in the very-high-frequency band for television transmissions, being then 
mounted on relatively thin pole at the top of a support mast. 
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Fig. it. 19 - Progressive-phase ring of 
vertical aerials 



A progressive-phase ring of 
vertical elements is shown in Fig. 4.19. 
Pour O5<\.dipoles carry equal currents, 
the phase being advanced by 90° between 
adjacent elements. The uniformity of 
the horizontal radiation pattern depends 
on the radius of the ring; for a radius 
of 0-g/v, for instance, the deviations 
from the mean are ± 1 dB. As in the case 
of the turnstile aerial, if the suppor- 
ting pole were infinitesimally thin it 
would have no effect, since there would 
then be no component of electric force 
along it; similarly, provided the 
eross-sectional dimensions of the pole 
are small compared with the wavelength 
its effect is small. 



Special problems arise in the design of transmitting aerials for broad- 
casting if a large number of tiers is used in order to achieve a high gain. If ail 
;iers are energised in phase the vertical radiation pattern takes the form of a main 
-obe and a number of minor lobes, with intermediate zeros; the larger the number of 
;iers the greater the number of these lobes and zeros. As the aim of a broadcasting 
service is to "illuminate" the whole of the service area, zeros in the vertical 
Pattern must be "filled-in", otherwise areas near to the transmitting aerial would not 
3e served. This is achieved by adjustments to the relative amplitude and/or phase of 
;he currents in some of the tiers; the gain of the aerial is consequently reduced, 
>ut generally by only a small amount. A further consequence is that, even if there 
'ere no practical limit to the number of tiers, there is an upper limit to the useful 
terial gain; this corresponds to the vertical radiation pattern giving the same field 
strength at all points in the service area. 



4.7. Slot in Infinite Perfectly-Conducting Flat Sheet 



The symmetry of the equations relating the electric force (B) and the 
tagnetic force (J) in free space suggests that, corresponding to any reference radia- 
ting system, there exists another for which the electric force is proportional to the 
tagnetic force in the reference system, and vice versa; the two systems are then said 
■o be complementary. Let the electric and magnetic forces for the reference system 
>e E i and E ± respectively, and for the complementary system S 2 , E 2 ; since E ± and E t 
satisfy Maxwell's equations in free space, E 2 , H 2 do so also if 
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H 2 = / — S x = — 
V Mo V 



(4.3) 



and 



— E ± - -7]S ± 
Co 



(4.4) 



where 77 is the intrinsic impedance of the medium, i.e. 120 77 ohms for free space. 
Moreover, the values given by liquations (4.3) and (4.4) correspond also to the 
radiation of the same power by the two systems. 



Consider a dipole in the form of a 
thin strip of metal, energised across a gap 
at the centre, as shown in Fig, 4.20(a); the 
complementary aerial is a slot of the same 
dimensions cut in an infinite flat sheet of 
thin perfectly— conducting material, energised 
across the mid— points of the longer sides. 
Following Booker 13 this relationship can be 
demonstrated as follows. 



The electric dipole we have so far 
considered, is a perfect conductor of 
electricity. The full lines in Pig. 4..21(a) 
show the current flow along the dipole and 
the lines of electric force in space; the 
lines of magnetic force are shown dotted. 
The corresponding magnetic dipole, in which 
electric and magnetic quantities are inter- 
changed is shown in Fig. 4.21(b). The strip 
is now a perfect conductor of magnetism (for 

instance iron dust having an infinite permeability), and a "magnetic current" is 
maintained in it by surrounding it with a circuit containing a series generator;* for 
reasons that will appear later two generators of equal voltage connected in series are 
shown. The lines of electric and magnetic force are interchanged compared with 
those for the electric dipole. 




( a) E! ectri c 
d i po 1 e 



(b) Complementary 
siot 



Fig. ^.20= Dipole and complementary 
slot 



If we introduce a perfectly— conducting flat sheet containing a slot into 
which the magnetic dipole just fits, as in Fig. 4.21(c), the field is not disturbed in 
any way, since the electric force is everywhere normal to the sheet. The sheet 
carries equal electric currents of opposite sign at corresponding points on opposite 
sides. It is permissible to connect the junctions of the generators to the mid- 
points of the longer sides of the slot; no current flows in this connecting lead. 
We have now effectively divided the space into two halves which are screened from each 
other, and it is therefore permissible to reverse the polarity of the generator on one 
side of the sheet, thus reversing the associated field. The magnetic field is now 
continuous across the magnetic dipole, as shown in Fig. 4.21(d), and the magnetic 
material can be removed without affecting the field in any way. The electric 

Tlie Ferrite-rod aerial nsed in domestic medium- frequ eaej receivers is as example of a magnetic 
dipol e. 
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( d) As { c), with one 
generator reversed 



{ e) As (d), with magnetic 
materia! removed 



(f) S!ot sn infinite sheet 



Fig. i[.2l - Correspondence between electric dipole, magnetic dipole, and slot aerial 

currents on the two sides of the sheet are of the same sign at corresponding points, 
and the sheet has become an essential part of the radiating system. A current also 
flows in the connection between the generators and the sheet. The two generators in 
parallel in Fig. 4.21(e) can be replaced by a single generator; we then have an empty 
slot energised across the mid—points of the longer sides, as in Fig. 4.81(f). 



The complementary slot is therefore equivalent to a magnetic dipole, and 
hence to an electric dipole with electric and magnetic quantities interchanged; the 
only anomaly in the analogy is that the phase of the field on one side of the sheet is 
reversed. This is of no practical importance,, 
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A vertical dipole, for 
Instance, radiates vertically- 
polarised waves, while a vertical 
slot radiates h or i 2 ortt ally- 
polarised waves, and vice versa. 
Both the 0*5/Vvertical dipole and 
the complementary slot have a 
uniform horizontal radiation 
pattern and a figure-of-eight 
vertical radiation pattern. 

In addition to the 
relationship between the radiation 
patterns of complementary aerials 
there is a corresponding relation- 
ship between their impedances. 
Fig. 4.32 shows the associated 
fields at the driving points. The 
voltage applied to the electric 
dipole is minus the line integral 
of the electric force across the 
gap, i.e. 
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impedance Z 2 



Fig, M-.22 - Rel ationship between impedances of 
complementary aerials 
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where C± Is the contour shown. The current flowing is the line integral of the 
magnetic force round the contour C 2 , I.e. 



E ^s 



Hence 



*i = 



Eids 



(4.5) 



S ±ds 



*2 



Correspondingly, 



E 9 ds 



(4.6) 
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From Equations (4.3) to (4.6) 
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S ds 
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(4.7) 
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For instance, for a thin resonant O 5 A. dipole ^j — 73 ohms, and for the complementary 
slot Z 2 - 485 ohms. It also follows from Equation (4.7) that the impedance-frequency 
characteristic of the dipole has the same form as the admittance— frequency charac- 
teristic of the slot, and vice versa. Hie bandwidth of the dipole can be increased 
by making' it wider, without appreciably affecting the 0- 5 A. resonance impedance of 
73 ohms; correspondingly, the bandwidth of the slot can be increased by making it 
wider, without appreciably affecting the O 5 A. resonance impedance of 485 ohms. 
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Fig. %. 23- Relationship between the impedances of the slot and folded slot 



Fig. 4.23 shows two methods of energising a slot aerial. In Pig. 4.23(a) 
the generator is connected directly across the mid-points of the longer sides; this 
is the case already treated. In Fig. 4.23(b) the generator la applied between one 
side of the slot and the mid-point of an open-circuited rod lying along the axis. 
This arrangement is complementary to the folded dipole and will therefore be called 
a folded slot. Fig. 4.23(b) is redrawn In (e), the constant-current generator 
supplying a current I. An equivalent circuit is shown in Pig. 4.83(d), in which an 
open circuit has been replaced by two infinite-impedance constant-current generators 
of opposite sign in parallel; this equivalent circuit can be regarded as the sum of 
the two systems shown in Fig. 4.23(e) and (f). The voltage applied across the 
driving point by the original generator is the sum of the voltages applied by the two 
left-hand generators of the sets shown in Fig, 4<, 23(e) and (f). It follows that 



'folded slot 



% Z s]ot + jhZoc°t(/3h) 



(4.8) 



where Z 



slot 



is the impedance of the slot energised as shown in Fig. 4.23(a), 
^folded slot ^ 3 ^ e impedance of the slot energised as shown in Fig. 4.23(b), and Z , 
h are the characteristic impedance and half-length respectively of the non— radiating 
transmission line shown in Fig. 4.23(f). 
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The impedance of the folded slot is thus one quarter of that of the simple 
slot, in series with a reactance given bj the last term in Equation (4.8); if 
h - 0' 25 ^ this reactance is zero. The driving point impedance of a 0-5\ folded slot 
is then 121 ohms, a value suitable for matching to a coaxial line. At other fre- 
quencies the central rod is equivalent to a series reactance whose variation with 
frequency is opposite in sign to that of the slot; it therefore partially compensates 
for the change in reactance of the slot with frequency. However, in practice it is 
difficult to make 2 high enough (i.e. to make the open-circuited rod sufficiently 
thin) to achieve adequate compensation. 



One way of mitigating this difficulty is to remove one half of the central 
rod shown in Fig. 4.23(b); the final term in Equation (4.8), and hence the degree of 
reactance compensation, is then doubled. Moreover, slight asymmetries between the 
upper and lower halves of the rod, which would introduce an irregular change of 
reactance. with frequency, are eliminated. Another way of increasing the degree of 
reactance compensation is to make h an integral number of quarter-wavelengths at the 
mid-band frequency, leaving the rod open-circuited if the integer is odd, and short- 
circuited to the sheet if the integer is even. By displacing the rod from its 
central position the impedance transformation due to folding can be made to. take any 
value between aero and unity. 14 This is analogous to controlling the admittance of a 
folded dipole by the relative lateral dimensions of the two branches. 




The slot aerials so far described radiate sym- 
metrically on each side of the sheet, whereas the usual 
requirement is to radiate on only one- side. This is 
accomplished by "boxing" the slot, as shown in Pig. 4.24, 
thus confining the radiation to the unboxed side of the 
sheet. ' The conductance at the driving point is conse- 
quently halved, and the suseeptance is modified by an 
amount depending on the physical dimensions of the box. 
For a hemispherical bos having a radius of 0-25 Xthe 
suseeptance is not greatly changed, but many other shapes 
of box can be used. ■ Boxed slot aerials are used in the 
skins of aeroplanes to provide dragless radiators. 



The correspondence between the dipole and slot Fig, 4. 24 - The "boxed" 
aerial is a special case of a general relationship between slot 

complementary systems. This is analogous to what is known 

in optics as Babinet's principle, which may be stated as follows. Consider a thin 
plane screen which is non-reflecting, pierced by holes; the complementary screen is 
that in which holes and obstructing screen are interchanged. If first one screen and 
then the other are placed in front of a light source, Babinet's principle states that 
the sum of the disturbances behind the two screens is the same as that produced if no 
screen were present. This is obviously true on the basis of ray theory, but it is 
also true when diffraction is taken into account. The extension of this principle to 
electromagnetic problems was formulated by Booker; 13 it involves interchanging 
electric and magnetic quantities in passing from one system to the complementary 
system, and also using conjugate sources, i.e. replacing electric dipoles by magnetic 
dipoles and vice— versa. 
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4.8. Slot in Finite Perfectly-Conducting Flat Sheet 



For the electric dipole the lines of magnetic force lie in circles perpen- 
dicular to, and with their centres on the axis, as shown in Fig. 4.35(a). The 
amplitude as a function of 6 (the angle to the vertical) depends on the length of 
the dipole; for a doublet, for instance, the magnetic force is proportional to sin d . 

For the complementary slot shown in Fig. 4.25(b) the electric force is 
proportional in magnitude and direction to that of the -magnetic force for the electric 
dipole, except that its direction is reversed on one side of the sheet, This 

reversal of direction means that there is a discontinuity in the electric force in 
passing through the sheet; to satisfy the boundary condition equal currents must 
flow in the same direction on each side of the sheet at corresponding points. 
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(a) Electric dipole (b) Slot in infinite sheet (c) Slot in finite sheet 

Fig, 4,25 - Slot in infinite and finite sheets 

If the sheet is of finite size, from considerations of symmetry the electric 
force on one side of the plane containing the sheet must be equal and opposite to that 
on the other side. This is true for points lay and the edges of the sheet as well as 
for points on it. But since there cannot be a discontinuity in the electric force 
at a point in free space, in the plane containing the sheet the electric force must be 
aero beyond its edges. This means that, whereas the slot in an infinite sheet has a 
aero in the radiation pattern only along the axis of the slot, the slot in a finite 
sheet has a aero in all directions in the plane of the sheet. 

4.9. Longitudinal Slot in Infinitely-Long Cylinder 

The radiation pattern of a longitudinal slot in a cylinder Is most con- 
veniently calculated by considering it as a receiving aerial immersed in a plane-wave 
field. General expressions for the field components in such a case are derived In 
Section 7.3 in a form directly applicable to the present problem. 



Consider a vertical cylinder (Fig. .4.36) containing an infinitesimal slot of 
length Si and of width small compared with its length, the slot being at an angle (f) to 
the x axis. From the boundary condition at a perfectly-conducting surface it follows 
that the current flowing in a short-circuit bridging the mid-points of the longer 
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sides is Bhl, where B z Is the s-component 
of the magnetic force at the surface of 
the cylinder. The variation of E z with 
the angle of incidence, 8, of the plane 
wave, and the angular position of the slot 
therefore gives the radiation pattern. 
It is shown in Section 7-3 that a horizon- 
tally—polarised* transmitting doublet 
gives an E z component at the surface of 
the cylinder, whereas a vertically- 
polarised transmitting doublet does not. 
It follows that the slot aerial receives 
for radiates when transmitting) only 
horizontally— polarised waves. 

The current flowing in the 
s hort— circuit across the slot {H z o I ) is 
given by Section 7.3, Equation (7.34), 
where the incident field is that in 
Section 7.3, Sanation (7.21). The latter 
can be related to the current flowing in a 
distant transmitting doublet. We can 
then apply the reciprocity theorem to 

find the electric force, S, at a distant point having spherical co-ordinates (r, 
when a voltage 7 is applied to the slot. We obtain 




g, ^.26 - Longitudinal slot in 
infinitely-long cylinder 
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tf n (2) (j3a sin 8) 



i(n<£) 



(4.93 



where a is the radius of the cylinder, £ n is Neumann's number (e n = 1 for n - 0, 
£ n - £ for n^tO) and # n ( z) denotes the derivative of H (z) with respect to z„ 
# ' (.sO is the Hankel function of the second kind of order n, and is defined by 



E { * ] (z) = J (z)-jT (z) 

71 n J n. 



where J (z) and I (z) are Bessel functions of order n of the first and second kindf 
n n 

respectively <> Furthermore 



> {2) '?2) = k is^Uz) -B^l(z)} 



n-l' 



n+V 



The term in Equation (4.9) involving 8 and is the radiation pattern of the 
slot. The modulus of this expression gives the amplitude, and the argument the 
phase, of the field at an angle <fi from the line joining the axis of the cylinder to 
that of the slot. The first term in the series (n = 0) is a constant, the succeeding 
terms corresponding to sinusoidal deviations from this constant value. §7 putting 
8 - 90° in Equation (4.9) we obtain the horizontal radiation pattern of the longitu- 
dinal slot. 



A hopiaontally-polarised doublet is one -pith its 
a vertically-polarised doublet is one ^itk its i 
dicsilar to the radius-vector. 



axis normal to the plane of incidence, and 
iis in the plane of incidence and perpen- 
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A slot of finite length is equivalent to a number of collinear separately- 
energised infinitesimal slots. It follows that the horizontal radiation pattern is 
independent of the length of the slot, or the manner in which it is energised. 

The vertical radiation pattern is the product of the vertical pattern of an 
infinitesimal slot, given by Equation (4.9), and that for a linear distribution of 
point sources occupying the same length, and energised in the same manner, as the 
slot. As in the case of arrays of dipoles, the maximum gain for a slot of given 
length is achieved when the voltage distribution along the slot is uniform in ampli- 
tude and of the same phase. 

Equation (4.9) applies rigorously to a slot of infinitesimal width in an 
infinitely-long cylinder. But it is also substantially correct for a slot of 
finite width in a cylinder of finite length, provided the slot width is a small 
fraction of the wavelength, and the cylinder extends appreciably beyond the ends of 
the slot. 
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Fig, M-. 27 - Horizontal radiation pattern of longitudinal slot in cylinder 

Fig. 4.37 shows the horizontal radiation pattern of a longitudinal slot for 
three values of cylinder radius. When the radius is small the circumferential 
currents are substantially uniform in amplitude and phase, and the horizontal radia- 
tion pattern is therefore approximately uniform. As the cylinder radius increases 
the pattern becomes much more directional, the ratio of maximum to minimum being 
shown by the curve for one slot in Fig. 4. £9. ls 

The radiation pattern of two or more longitudinal slots can he calculated by 
the vector addition of the contributions from individual slots using Equation (4.95. 



It is sometimes desirable for structural reasons to use a cylinder of large 
diameter, and at the same time to achieve a substantially uniform horizontal radiation 
pattern. In this case it is necessary to use a number of slots, energised in phase 
when regarded as magnetic dipoles, as shown in Fig. 4.39. If we have, say, S equally 
spaced slots it follows from Equation (4.9) that the horizontally radiation pattern 
is given by 
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Fig 4.28 -Ratio of the horizontal radiation pattern maximum and minimum values, for 
equally-spaced longitudinal slots in. a cylinder, energised in phase 



IccXe j" < n \'„ \ eos(n^) + cos v4> + + 
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+ cos nffc + + . . . -f cos nip + 2 77 

Ml \ S 



{4.10} 



The only non-zero terms in Equation (4=10) are -when 
n - o, f t Sf „ . . ; as X increases the coefficient of 
all terms except the first decrease, and the pattern 
consequently becomes more uniform. We can compare this 
arrangement with that of a horizontal loop aerial of 
large radius; if the loop is energised at a number of 
equally spaced points the current distribution (and 
hence the horizontal radiation pattern] is much more 
uniform than if a single driving-point were used. The 
ratio of maximum to minimum in the horizontal radiation 
pattern is shown in Pig, 4.28 as a function of cylinder 
radius, for different numbers of slots. 

One method of energising a slot aerial is "° 

shown in Fig. 4.23(a). For a 0-5 A- slot in an infinite Fig, 4-. 29- Four longitudinal 
flat sheet the distribution along the slot of the slots in cylinder, energised 
voltage across the slot is the same as the current in phase 

distribution for the complementary strip dipole. The 

amplitude is approximately sinusoidal, being maximum at the centre and zero at the 
ends, and the phase is substantially the same along the slot. The input impedance in 
this case has been shown in Section 4.7 to be about 485 ohms; the impedance can be 
reduced to a value convenient for connection to a coaxial line by the method shown in 
Fig. 4.23(b). 




90 



For a longitudinal slot which is energised at one point the phase velocity 
of the wave inside the leaky cylindrical waveguide may be greater than that of light; 
provided the periphery is a small fraction of the wavelength the arrangement may be 
thought of as a transmission line continuously loaded with parallel inductance. If 
the radius is too small the wave is not propagated far along the slotted cylinder; as 
the radius increases the wave is propagated further but the phase velocity falls. 
Tnere is therefore an optimum radius giving maximum directivity in the vertical plane; 
this corresponds to the maximum length of slot for which the voltage distribution is 
substantially uniform and co-phasal. An aerial having a higher gain than a 0«5A, 
slot, but requiring only a single feed-point, is thus achieved. However, the gain is 
not as great as could be achieved by using separately-fed collinear 0.5 A. slots 
occupying the same overall length, since the voltage distribution along the single 
slot is not so favourable. 




Typical dimensions 

(a) (b) 

Cylinder radius o-08/V oaiA. 

Cylinder length i- iX. 1*0/V 

Slot length I*0/V 0-75A. 

Slot width O-osA. 0- lA. 



{a) Single-slot aerial 



,b) Four-slot aerfa! 



Fig, if. 30 -Single tier of two types of slot aerials used for sound broadcasting in 

the 90 Mc/s band 

Fig. 4.30(a) shows a slot aerial of this type, which is used for sound 
broadcasting in the 90 Mc/s band; the horizontal radiation pattern is substantially 
uniform (see Fig, 4,03) and the impedance is suitable for matching to a co-axial line. 

In the case of slots in a cylinder of much larger diameter undesirable wave 
modes may be propagated within the cylinder, thus adversely affecting both the voltage 
distribution along the slot (and hence the gain), and the impedance. These disadvan- 
tages may be avoided by "boxing-in" individual slots as shown in Fig, 4.30(b), the 
dimensions of the box being chosen to give a suitable phase velocity along the slot. 
This arrangement, which is also used for sound broadcasting in the 90 Mc/s band, is 
mechanically convenient as it leaves an electrically "dead" space in the centre of the 
mast for the installation of transmission lines and climbing ladders. 



A number of tiers of the type shown in Pig. 4.30 energised in phase, can be 
mounted one above the other to increase the gain of the aerial. 
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7. APPENDICES 

7.1. The ^-Component of the Electric Force near a Vertical Aerial Carrying 
Sinusoidal Current Distribution 





(a) Aerial in free space 



(b) Aerial over perfect I y— conduct j rig ground 



Fig, 7.1 

The aerial is equivalent to a number of doublets placed end to end; consider, 
a typical doublet of length §2 at a height z, carrying a current J" sin{/3ft — z) e J coi , 
where I is the peak value of the loop current. The electric force at P associated 
with this element, SE s , is found by resolving the field components Eg and S given by 
Equations (1.15) and (1.16). We obtain 



n , jB i j J i/3 3 



r r ' Br s 



il\\ p jUt^r)< 



r° r 4 fa 



(7.1) 
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For the complete aerial shown in Fig, 7.1(a) E z is therefore given by 

E z = 301 e> a * j sinr/3fc^) e --^ r J-- - + ~ +{b - Z ) 2 ( 3 — + --j'Al } &z 



-J 



151 eJv* 



sip* e ~jp{z+r} 



JJ3 1 j 



r r 2 {3r 



+ ^r+Uo-z) 2 — + 



30 3 j a 



r r 2 {3r 3 



r" r 4 /3r E 



As — 



ds 



-j!5I ei at 



.„(. || 1 (z ~b) (z q -~s) 



, - j/3 s ft - 2+ r J ^ • + j _r 

r r 2 j3r s 



C7.Z) 



This result is not immediately obvious but May be checked by differentiating 
the right— hand side of Equation (7.2) with respect to z; note that 

3r _ (z Q ~z) 
3s r 



Hence £ = J30I e ia}t [ cos(jBh) 



i m ifi r o <>~i$ T ''- 



tq 



r 



+ ja±n(j3h) ^ e-i$ r o+sin({3h} ~~ e"^ r (7 = 35 



where r and r 1 are shown in Fig. 7 5 l(a). 

For an aerial over perfectly-conducting ground, by including the contribu- 
tion of the image aerial we find 



S = jSOI e } ' ai { Zcos(/3h) 



,-i-P T o e~JP r± e"JP r2 



r± r? 



(7.4) 



where rz is shown in Fig, 7»l("b)« 

To calculate S on the surface of a cylindrical aerial of radius Q.{« A.) we 
regard it as equivalent to a large number of thin filaments spaced round the periphery, 
adding their contributions to find the total field. For points not very near the top 
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Fig. 7.2 



or 'bottom of the aerial B 2 is clearly the same as if 
the current flowed along the axis of the aerial; hut 
the limiting" value at points near the top and bottom 
needs examination. Since 

sinfyS r) 



is independent of r when r is small there is no diffi- 
culty about the real part of S x . As far as the 
imaginary part is concerned, when r -• we can replace 
terms of the form 

cos((S r) 



by 1/r and then take the average value of the contributions from all the filaments; 
from Fig. 7„£ we obtain 



tt / 2 



■ 77/2 



£ 
77 



TT j V3'o+ (So COS0) 2 



I'/a 



3 M , A-^sin^ — - 

77ar /1+ j — 7T20/1+ — 

• z I J V \2 




X(v} 



where 



2a ^ 

^0 



So 

It I — 

20 



and J(v) is the complete elliptic integral of the first kind* This result is not 
very different from l/r 0s where r is the distance to the centre of the base, except 
when z is less than about O 1 a; in any case the assumed current distribution is 
unrealistic at the ends, since we have neglected the effect of the end caps or, if 
there are no end caps, the evanescent fields within the top and bottom of the hollow 
aerial. 



Accepting the assumptions that have been, made, it is therefore permissible 
to calculate the electric force at the surface of an aerial as if the current flowed 
along a filament at the axis» 
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7.2. The Mutual Impedance Between Similar Vertical Aerials 



Fig. 7.3 - Calculation of mutual impedance 
between similar vertical aerials 




Prom Equation (2. 22) we have 

f f e -iP r o e'i$ r i e-J$ r 2 

s la = ~J 30 1 2 cos 0^ h ' } sinifih-z) d2 



ro 



r t r 2 



e -i^ e'i^i e-J/3^ 
-15 {2cosf/S&) J ^ e j0(h.z)_ e .j0{h.z) } d3 



(7.5) 



Consider an integral of the form | d^ 



and put u - f3(ro + z) i.e. 



2 2 2 

s ince ro - z + d - 



du J3u 
dz r 






ds 



ro 



-- du = [si{~ja}Y 



fid 



where 



Si(~jx) 



du 



- [Ci{u)-j5i(u)] , 



and Oi{u) and Si(u) are defined in Equations (2.5S and (2.3) respectively. 
Similarly, putting h 
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k 



Putting u - fi(r ± + z~h), j dz - [si (-ju)}^ d r — — 

r± Biv h 2 ±d 2 ~k) 



•j@(ri-z+h) 



Putting u - /3(r±- z-i-h], ~ dz = -[Si(-ju)} 



/3d 



j3(/k*+d2+h) 



Putting u = f3(r z + z + h) , dz = [Si(-ju) 



h . . 



r 2 0(Vh*+d 2 +h) 



k 

}{3(r 2 .t-h) 



Putting u = j8{r 2 -z-h), f dz = -[fif-jwl] 



Substituting and collecting terms we have 
Z 12 = ±5[g.{l + 2eos 2 (j3h)}2i(-jf3d} - 






- {4eos 2 ( / SA) + j 2 s±n(2/3h}} ii{~j/3('/h 2 + d 2 + h)} - 

- U cos 2 (/3h } -jZ sin(Zj3h )}Si{-j/3(i/h 2 Td 2 ~- h )} + 

+ { cos (2 /3ft) + j sin(2/3h)}®i{-j/3(v / 4h^Td z -l-2k}} + 

+ {cos(2/3A) -j'sin(2/3h)}ei{-j/3(T/4A*Ta*--2h)}] 
"When d -♦ we can write 



(7.6) 



CvV-M 2 ~ft) - a 2 /2h, (A* + a 2 + h) -* a, (/4h z + a*-zh) ^> dVm, 

t/Ah^+d^+Bh) -> 4h s Ci (/3d) -» y+ log 0d) , and 5i (/3d } -» . 
It follows that, as d -* 

Re.£ ls .-. 15{sin{2 ,3 fc) Si (4/3/3.1 -S sin(S^S A}^ (2/Sft ) - 

-cos(Z/3h)Ki(4:/3h) + 4 cos 2 (/3h)Ki (2 /3h}} (7.7) 

and is independent of dj Ki(u) is defined in Equation (g»4). 

Im„£ 12 - 15{-cos(S/3ft}Ji(4/Sft) + 4cos 2 (/3U5i{£ / 3fe) - g sin(£/3ft )Ci (2/3h ) + 

+ sin(2/Sft)£7i (4/3^} +ysin{2j3h} + sin (2/3ft )logt/3d £ A )} (7=8) 
Hence as d -> £ l2 contains d only in the form log d . 
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7.3. Tike Field in the Direction of a Doublet Mounted Near an Infinitely-Long 
Cylinder Immersed in a Plane-Wave Field 

The field is calculated for a plane wave in the x—z plane incident at an 
angle 9 to the vertical, as the sum of two components. One component is that due to 
a distant vertically-polarised transmitting doublet, i.e. one with its axis in the 
plane of incidence and perpendicular to the radius vector; the other is that due to a 
distant horizontally— polarised transmitting doublet, i.e. one with its axis normal to 
the plane of incidence. The axis of the cylinder is the vertical z— axis, and the 
point at which the field is calculated has cylindrical co-ordinates (p, z, 4>) > 

It follows from the reciprocity theorem that the two field components 
calculated are respectively the vertically- and horizontally-polarised waves radiated 
by a transmitting doublet mounted near the cylinder^ 

7,3.1. Generalised Expression for the Field 

Z 



Fig, 7 .I* 




The magnitude of any field component, F, is independent of z, and the phase 
changes by /3cosd per unit length along the s-axis; it follows that ~bf/dz - j/3cos8 F. 
The general expressions for the field in cylindrical co-ordinates become* 



1 0S Z 

cur In B ~ ~ ' j ficosd E^ = -j ojjjlqH p 

P °4> 



(7.9) 



curl^ S = j {3 cos 6 E p - - — - ~j ojjj^Bj, 



(7.10). 



% 3^ i 2s p 

curl, g = -2- + -^ - - zrj-=~J 0JIM.E, 
p dp p 00 



(7.11) 



1 ~&H 
curlp S = — — f- - j ficasd Ej, = j Qi€ E p 
P 3<P 



(7.12) 



P E a C a Jordan, "Eleo t r oaag-ne tl c ^sves add Sadtsting Systems", Prectiae-H all, pp. 16 and 113» 



curU 3 = j/3cos6 B a - — — - jae* (7.13) 

^ dp 

curl, E = -£+ — £- - ~f=ia)£ 5 ; (7.14) 

p a p p d<p 

Eliminating fp, ^, #^ 3 #j and J^ we obtain 

3 S £ 1 Bf 1 3 2 # 



3(/3psin£} (ySpsin^) o(p>sin#) (/3psin#) 30' 



■+ S , - (7.15) 



The solution can. "be expressed as the product of two independent functions, 
one of p and the other of (p. * We have 

E x = f{p){i cosinS) +B sin(re^)} 

where n is any integer, A and B are constants, and 

o 2 /(P) 1 ^f(P) 



+ e a i — \ - o 

Bf^psin^) 2 (j3psln8) 3(/3psin5) \ OSpsinf?) 2 ! 

This is Bessel's equation of order n', one solution is** 

f(p) = AJ^Ufip sin 6 }+B n E ( n 2) (j3p sin 6) 

where A., 5. are constants, and H [ ' (z) , l l '(#) are the Hankel functions of order n 
of the first and second kinds respectively; these functions are defined by 

E (l) (z) = J (z) + jY (z) 

H i2] (z) ~ J (z)-jT (z) 
n n - J n 

where J n (z], ? n (z) are the Bessel functions of order n of the first and second kinds 
r e spe ctively . 

We have therefore 

E z = {J n ^ i3 {/3psini9 ) +S n El 2) (j3psin& )}{A cosing) + B.s±n(n4>)} (7.16) 

Since any integral value of n is permissible the moat general form of 
Equation (7.16) is 

E z - ^ {A n E { n l] ij3psix.&) + fi n ^ 2) (/3p sin 6 )}{i cosing) + B sinin^)} (7.17) 

o 

The general expression for any field component includes an addition factor e - ^ to take 

account of the variation of phase with z - Throughout this Section we will csii this 

f actor . 

This solution., and the other formulae tn this Section involving Bessel functions uill he 
found int G fl S* Watson, "Theory of Bessel Functions^ 



Similarly 

1 °° 
S ~ — y (C E {1] (j3psin6 }+D S (2] (/3p sin £ )}{a cosing) + B sinincfr}} (7.18} 



Vo 
From Equations (7.9) and (7.13) 

j ( cos 6 3#, Tiff, 

Sa- —7-{ -+T) Q — -} (7.19) 

4 fisi^dl p 24> ' 3p ' 

From Equations (7.10) and (7.12} 

■° /3sin e I 3p p 

Equations (7.17) to (7. 20} can be used to express both, the incident wave and 
the field re— radiated by the cylinder, provided the coefficients A, B, i n , B n , n and 
D n are appropriately chosen^ 

A solution of this form is convenient for expressing the field .re-radiated 
by the cylinder since, for large values of the argument, Hankel functions of the first 
and second kinds correspond to inward-travelling and outward— travelling waves respec- 
tively; the singularity at the axis \Y n (z) -» oo as p -* 0) is of no consequence since 
we are concerned only with values of p equal to or greater than the cylinder radius . 
As we are dealing with radiation into free space we put A ~ C = 0; A , C would not 
be if we had a reflecting surface at some point in space. 

It is necessary to express the incident field in the same form as in 
Equations (7.173 to (7. SO) in order to facilitate solving for the arbitrary coeffi- 
cients. The most convenient form is an infinite series of Bessei functions of the 
first kind, since there is then no singularity at the axis; in other words, we put 
A n ~ B n in the general solution. 

For a horisontally-polarised transmitting doublet, the S z component of the 
incident wave is O; the cylinder currents are therefore entirely circumferential 
and the only component of magnetic intensity in the re-radiated field is H z . It 
follows from Equation (7.14) that S x - for the re-radiated field also. Correspon- 
dingly, for a vertically-polarised transmitting doublet the S s component of the 
incident and re-radiated fields are both 0. In Equations (7.19) and (7.20) we 
therefore put 

^E ~dE 

3<A dp 
for a horizontally-polarised transmitting doublet, and" 

"dp 30 
for a vertically-polarised transmitting doublet. 
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7.3.2. Talues of the Coefficients for a Horizontally— Polarised 
Transmitting Doublet 




F ig= 7.5 



Consider a plane wave arriving at an angle of incidence 8 from a distant 
horizontal transmitting doublet. Let the electric force at the origin he 1/0. 

Since the path length from a distant point to the point (p, z, <fi] is less 
than that to the origin by a length (z cos 8 +p cos 0sini9) the incident wave in the 
plane s = can be written 



sine 1 . fl „ , . . siiO ^ 



Vo 



~S e Tj j 71 J ii (f3psin9 }cos(n4>) 



S, - 



(7. SI) 



where e is Neumann's number; £ - 1 for n - 0, £ - Z for n^O- 
From Equations (7.19) and (7.21), with 

~ L = 
we have for the incident wave 

00 

S^ = j \ e n j"j' n ( l 8ps±iid }cos(n6) (7.32) 

o 

where J^fz) denotes the derivative of 3 n iz) with respect to z, and is given by 



cT'U) = -{J (z)-J.(z)} 

71 p n - 1 n+l 
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From Equations (7.18) and (7.19), witi 



Jn 3c£ 



we have for the re-radiated wave 



j 
slut 



^ V n %l Z] (fipsind }{C cos(n<p)±D siinind)}} (7 ,S3) 



where H (z) denotes the derivative of B (z) with respect to z, and is given "by 



E^ ] ' (z) ^~{E [ SSz)-zit\{z)~) 



The sun of the right-hand sides of Equations (7.32) and (7. S3) must be aero 
at the surface of the perfectly-conducting cylinder for all values of <£; we have 
therefore i 

D - 



CD„ = 



3^ a) a sin 6 ) 



(7.24) 



Furthermore, since S z - 0, S„ — 0. 



7=3.3» Values of the Coefficients for a Vertically— Polarised 
Transmitting Doublet 



Fig, 7A 




Consider a plane wave arriving at an angle of incidence 8 from a distant 
vertical transmitting doublet- Let the electric force at the origin be 1/0. 
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The incident wave in the plane z - may be written 



S z = s±n0e^P cos ^ in9 = sixL& ]> € n j n J n (j3pain $ }cos(n cb ) 



= 



(7.35) 



For the re-radiated waye, E ^ is given by Equation (7.17), with A =0. 
Putting the stun of the incident and re-radiated E components zero at the surface of 
the perfectly-conducting cylinder, we have 



5=0 



sin<9e n j n J n (/3asiii#) 



(7.26) 



i^ 2J (/3asin£} 



Furthermore, since H , - 0, D = 0. 



7=3.4. Field in Direction of Tangential Receiving Doublet Spaced a 
Distance 5 from the Axis of the Cylinder 

(i) Component due to horizontally-polarised transmitting doublet 



From Equations (7. 23, (7. S3) and (7.34) 
= 3 J e„i 



i r> n J'(j3 a sinO ) , , • 1 



j?; 2 ' (/3 a sin 0} 

(ii) Component due to vertically-polarised transmitting doublet 
From Equations (7,17), (7.19), (7.25) and (7.26) 



■) (7.27) 



J .(/3a sin (9 )tf f/3psim9 ) 
J n 0p sin5 ) - - " H „ {2) n . nt | cos in <$> ) 



B* = 



f = j cos 6 2_ V £ ■ 

J * /Spsind 3^> 4 £nJ L "" ' B^>[j3a3±ad) 

Differentiating with respect to <j> and putting p = & we obtain 
~j2 eos 9 



sr f / n (/3asinf9) , , 

/SbszuB ^ I $„ } (/3 a sin 6) 



sin(nti) (7.285 



7„3.5. Field in Direction of vertical Receiving Doublet Spaced a 
Distance b from the Axis of the Cylinder 

(i) Component due to horizontally-polarised transmitting doublet 

E r = 



(7.29) 
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(ii) Component due to vertically-polarised, transmitting doublet 
From Equations (7.17), .(7.25) and (7*85) 



3inf9 2 e J" 



J a b s±n8 ) --fa s[ 2} (/3 b sin d) 



cosing) (7.30} 



7=3.6. Field in Direction of Radial Receiving Doublet Spaced a 
Distance b from the Axis of the Cylinder 

(i) Component due to horizontally— polarised transmitting doublet 

From Equations (7.18), (7. SO], (7.215 and (7.24), when p = b 



'p = FT^F2^ 



j3 b sin 6 



J n f/3 6 sin 6 5 



</'(/3asin6n ,„, 

H^Ufibsind) 



E^ C/3asin£ ) " n 



sin(nd>) (7,31) 



(ii) Component due to vertically— polarised transmitting doublet 
From Equations (7.17), (7.20), (7.25) and (7,26) 



Sp-j cos 



2 ej" Jn(0b Bind) - - ;* ■ ,,„ — r - 7rT ff,; 2J (/3 6sin6> ) | cos(n<£) (7.32) 



S^'ijBasind ) 



7.3.7. Yalue of B t at the Surface of the Cylinder due to Horizontally- 
Polarised Transmitting Doublet 

This result is required in connection with the problem of a longitudinal 
slot in an infinitely-long cylinder (see Section 4.9). 

A vertically-polarised transmitting doublet gives no B component. For a 
horizontally-polarised transmitting doublet the component of H t for the incident wave 
is given by Equation (7.21), and for the re-radiated field by Equations (7.18) and 
(7.34). The resultant is 
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Since 

Equation (7.33) reduces to 



J (z)H (Q) (z)-j'(z)B (2) (2) = j 
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